ſeveral 


mY ä vs MAYBEMATICE 
5 — Felicibus inde ER 
Ie eee ter Cram, | 
SPE . | 
I Printed by E. Ownwin Hand: Court, Holbern;, - © 
* 5 by Jon Noon i in the Poultry. „„ 


— ᷑ͥ 2Dw— 


e 


: 
L 


| 


Leda. 


| 


* 8 


arent os. 


TION + * 
„ M ee 


2 


a * 4 


* 
0 
«& 
471 
* 
£ * 
* 2 
& 
” 
* 
% 


* 
WE 


LET 


— ; f 8 / 4 5 OY , 7 | ] 

aA 1 ISP : Fs oy 4 ns : Z 

P R E 1 A 1 E g 
SH 'P a ? 


— 5 $ the Want of a plain 105 eaſy Ins 
E troduction, whereby the induſtrious 
23 Learner, without the Aſſiſtance of 
2 6 @ Maſter, might arrive to a ſmall 
| e of Skill in the Doctrine of Fluxions, 
tas the only Inducement to this Work ; tis hop- 
ed the following Sheets will need no Apology ; 
they being principally de efigned to ſupply this 
Deficiency, and to aſſiſt the. ingenious Student, 
by removing, in ſome Magie, thoſe Clouds f 
. Darkneſs and Obſcurity, in which the Treatiſer 
en li —_— are tas _ involved. 
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| Wo in what is here delivered, neither any of 
ft the moſt difficult and abjiruſe Parts of the Doc- 
| | trine of Fluxions are contained, nor many new 
3 Diſcoveries made; yet as it may tend to give 
213 the Learner a perfect Notion of, and excite him 
| to. ſearch farther into that noble and uſeful 
* Science, it may il de - ow Favour from 

=—_ the Public. 


e Entrance on every Science is always the 

moſh di rfficult ;. and the gaining clear and juſt 

| Ideas at firſt, as it is the moſt uneaſy Part, ſoit 
is the ſureſt Pleage of future Succeſs. 


The Mind cannot be eaſily brou gb to concei ve 
Fibings entirely unknown before, or in a Man- 
ner different from that to which it has hitherto 
bren accuſtomed. Men are uſed to talk and rea- 
Jon of finite Quantities only; but here we muſt 
conceive of thoſe which are leſs than can be aſ- 
. feened.; of thaſe which are but juſt m— into 
= ket or juſt vaniſting out of it. 
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[- Fi; "Here Quantities are Fey: dered as generated 
#8 Ly @ continual Increaſe, after the Manner of a 
| 5 | | Space, which a Thing. or Point in Motion de- 
Ws, ſceribes: Thus a Line is Conceived to be generated 
=: 0 a | Point i in Motion, a Superffcies by @ Line, 


and 


The PREF ACE. 

and a Solid by a Super ficies. Now as a Line 
generated by a Point muſt be paſſed over, of de- 
| ribed, with ſome certain Degree of Velocity 
in the deſcribing Point, in every where or Point 
of that Line'; ſo any Quantity may be conceived 
to flow, or increaſe, with 'a certain Degree of 
Velocity in every Point of its Deſcription: And 
if this Velocity be not Uniform, but is either ac- 
celerated or retarded, then there will be a cer- 
tain Degree of Increaſe, peculiar to every Point 
of the Thing deſcribed. Now the Velocity with 
which any Quantity flows at any particular 

- Point, is what we call the Fluxion of that 
Vantity at that Point. 


This T; reatiſe being only deſigned as an 8 " 

ductien, we have carefully avoided, in the In- 

verſe Method, the giving of Examples where the © 
Nuuents of the Fluxions need Correfion : Me 

have alſo avoided, not only in the Inverſe Me- 

thod, but alſo i in the Direct, all thoſe laborious 

Operations which are more troubleſome than in- 
 firuive:; And have endeavour'd to ſteer be- 

tween an obſcure Brevity on the one Hand, and 

a tedious Prolixity on the other. 


The Queſtions 72 unanſwered for the * | 
ment of the Learner, may be eaſily ſolved by an 
Application of the Rules here delivered, * om 


1 A. PREPAOR 
We Examples for Illuſtration, are many of 
| them borrowed from Books already wrote on this 
Subject, and have only to boaſt, that they are ſet 
here in a different, and perhaps, a clearer 
"Light. The Whole is calculated for the unaſ-. 
fiſted Learner ; and, we flatter ourſebves, is a 
fufficient Guide to lead" him to the Underftand> 
ing of a complcat, tho puzzling Syſtem : And if 
it anſwers this End, tis all that is either de- 
fred or expected. | n 
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N Order to render the Doc- 
rrine of Fluxions plain and 
"eaſy, we ſhall endeavour to 
Explain the Nature of FLux- 
10N in general, as deliver'd 

both by Sir Iſaac Newton 
(the great Weed of Fluxions) and by Leib- 
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DEFINITION: 1 


4 "ap. 3 


x, Fiber (according to Sir Tſaac Newton} if 
x by 3 i; that whereby a Body in Motion is carried 
over a given Space in a given Time; that i 1s, 


Fluxion is the ſame as Velocity. Thus (Quan- 
tities being here conceived to be generated by 


continual In after the Manner of a Space 


— 


which a Thing or Point in Motion deſcribes; 4 


as a Line by . a Superficies by a Line, and 

aSolid by a Superficies, inMotion:)if we imagine 
any Point A, to be mov'd Wage Lec, AB 
the Velocity, or Swiftneſs, 

with which it moves at A ; 

any Point of that Line is _ al 
truly and properly the Fluxion of it at that Point | 
If this Velocity be uniform thro' the whole 

Line (i., e. if it has no Var at | 


s B 


Ve 1 


will be every where the ſame; 8 it hy any 


Way accelerated or retarded then ers wi be a 


to, every P aint ; and the Velocity e 
che fuſt Velociy is either accelerated or retarded, 
1; called the Humon of the Flaxion, or the ſe- 
cond, Huxion: And, again, i if this Acceleration 
or. Retardation be not uniform, but is increas'd 
in different Degrees of Proportion i in different 

2 Parts wal the Lins; then the Velocity of this 


Ac- 


"7 7" 
* — od, 


48 


1— of Fruxions. 3 


Acceleration or Retardation is called the Third 
eite and ſo on. This is d 

e Notion of Fluxtoꝝ - 

But becauſe in ſome Caſes Velacity may not 

eem fo particularly concern d; it may be. ne- 

ceſſary to give the Foreigners Definition of it, 


all Parts of Science, ſo it is particularly in this, 
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ſet may lead him into endleſs Error and Con- 
RO. | i ; - : 2 
„ OERBDEDS. 
ny: Quantities are here ſuppos'd to be gene- 
rated by a continual Increaſe, as before; and 


the indefinitely fmall Particles whereby they 


are continually 0 are call d the Fluxions 
of thoſe de Thus, 3 in the Curve ABD; 


bf bc be ſuppos'd to be indefinitely near and 
parallel to the Ordinate B C, and Be parallel to 
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Fluxion of the Abſcifs AC, and ebthe Huxion 
of the Ordinate C B; and if nd be ſuppos d in- 
definitely near and parallel to bc, and bm: equal 


= . 1 3 
. 


between eb and mn is call'd the Fluion of the 


; „ 
(I DES © 


that nothing be wanting to give the Learner a „ 
clear an Inſight as poſlible into the Nature | 
the Subject; which, as it is highly neceflary in 


where an Obſcurity of Conception in the Out- | 


the Abſciſs AC; then Be or O. e is call'd the | 


and parallel to c d or Be; then the Difference 


een or the Second Fluxion; that is, the 
VVV  Fluxiou 
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"eB or bm; - le 4 Difference 3 
the Second Fluxion! and + I, is call d the Third 
' Dluxion of CB; and ſo on. This is the Notion 
of FLUXION as deliver'd byl vet nitzand hisFol- 
lowers, . But thele Zur e ſhall, in the 
_ Hllowing Sheets, call by the: Names of Ma- 
mens, Increments and EE? ment that i 18, Mo- 
ments or Increments WED: the variable Quan- 
kities are crealing, and D Arran 

3. Now, if the Len AO: and CB could 
- in an exact Proportion in every Point 
of the IncrementsB e and eb, (as they would 
do if the Curve B did exaty. coincide with 
the Right Line T BG; that is, if the Quanti- 
ties A C and CB flow'd on * 


ws +. # +4 SY 4 1 = 


y, 


+ | Doornnz.ef Barbe: 8 
uniform Motions) it is evident that then 
F be; vovends as the 


Fluxions ot Velocities; ſince Velocity is al- 
| ways. meaſured by the Space uniformly de- 


crerided in a given Time: But as in Curves, the 
Pro portions of Increaſe or Decreaſe are con- 
W tinually varying, ſo it is evident there muſt be 
Wa different Degree of Fluxion or Velocity . 
= aſcrib'd to every Point of theſe Increments; * 
and that therefore theſe Increments are not ex- 
actly as the Fluxions. However, as the Point 
ss continually nearer to a Coincidence wich 
dhe Tangent T B G the nearer. it. approaches 
een che Point of Contact B; o if we conceive the 
rd Ordinate £ 3 to be moved on till it coincide 
jon WF with. CB; the very firſt Moment before its 
ol. CI Coincidence, the Curve B 5, and Right-line 
the | BG will be infinitely, or rather indefinitely 
Mo- n near to a Coincidence with each other; and 
- conſequently, in that Caſe, the Increments B e 3 
an- ll and e 5 will come indefinitely near to meaſure EH 
hey ; | the Ratio of the Fluxions of the Abſciſs and - 
+  Ordinate A C, and CB, or the Velocities with 
ld which they flow at the Point B: or becauſe, 
aint if we ſuppoſe the Particles of Time i in which 
ld any Increments are generated to be indefinitely | 
vith | Imall, the Acceleration or Retardation of the 
nti- Fluxion or Velocity with which they are gene- 
ear | rated wil .be To too; therefore was are inde- 
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YL 2 IrTRoDUCTION 75 * by 
- finitely near in Proportion to The Pluxions of 


the Quantities of which they are Increments; „ 


and therefore (becauſe when any Quantity is 
increas d or decreas d, but by only an infinitely | 


or indefinitely ſmall Particle, that Quantity | 
may be conſider d as remaining the fame as it 
was before ;) theſe Increments may be taken as 


Proportional to, or for the Fluxions in all Ope- 


rations; and, on the contrary, the F luxion for 
5 che Increment. s 


4. Note, Thoſe Quantities which are nib 


Ty to flow, or be generated by continual Incr caſe, 
 arecall'd Fluents, and variable or flowing Quan- 


tities ; and thoſe which admit of no Variation, 


are call'd, ft, given, and invariable Quantities, 


—— The Beginning of the Alphabet, vig. 4, 


3, c, d. 6, Sc. is uſed to expreſs invariable 


Quantities : : andthe Erid, vis. E, J, &, &c. va- 


klable or flowing Quantities: and the Flux- 
lions of thoſe variable Quantities , y, &, are de- 


noted by 2, 5, x3 and their Second Flurions, or 


5 the Huxions of à, y, &, by &, 5. x.; their Third N 


Fluxions, or the Fluxions of à, J, &, by &, 5. Fl | 
and ſo on: Allo the Moment, Increment or De- 
crement of z is denoted by 2, of y by y, of 5 


by x'; and the Second. Moments, Increments or 


Decrements of , Y, . or; the Moments. ne | 
crements or Decrements of 2 ee 1.x 
and 0 on. mY | The 


; 
5 
The Fluxions- and Increments of a, b, c, &. | 
uu. of invariable Quantities are „ | 


©» pe or in equal Times, are call d⸗ 5 #51 
Contemporay Fluents; and the Fluxions of 


nn So; that if two or More of. 


* will de be likewiſe 1 0 or in the ſara _— Hato 


Fluxions of Fluents (which is the Buſineſs. of 
the Direct Method of Fluxions,) it may not be 


the new Method of Notation i in Algebra. 


4 bee as poſſible, and to accommodate them 


or ding to the old or common Way of Nota 


4 and the Cube Root of of ax—xx, which us d : 


\Hoerame of From ORs... 


Note. Thoſe Fluents vhich are ſuppos'd 


a 


theſe Contemporaty Fluents are- calld Contem - 1 . LA | 


1 


5 
1 


-=1 
bel - 
i 
9 


orafy:; Fluents are equal, or in A 
4 otach other, their Fluxions ot. * 


BEFORE e of the 


improper to premiſe a few Things n 
6. To render the Uſe of Surds as little Wan 


to fluxional Operations; the Index of the 
| Power to which any Quantity is to be raig'd; i bs - 
plac'd as the Numerator of a Fraction, whoſe 
Denominator is the Root to be extracted: Thus 
the ſquare Root of the Cube of a, which ac- 


tion is expreſs d by Haaa, is here expreſs d a]; or 


fo 1 en nn a is lere expreſs d 
0:4. | 12 00". 


„ 


C 


— — — d—dbdc cd. UUMœHk„·˙—d — — Rs rm 
” 
* 


R 


2 


| the Arithmetical Progreſſion wil be the Tadices 


ig likewiſe. x will be expteſvd by X43 


| 4 eee a deſcending; Series as xx 
| K Sc, & take the * Series 2. 1. o. 


2 + baba” 5 
CHEESE * 


CE InTzodverion 70 . 


thus. =D Alſo the Square Root” cf 
5.08 Vx i thus expreſid; Sev th ob 


5 The Reaſon of which: is baun ifwe confer 
that the Index or Exponent 
3 any Quantity, u, is always vial 1the Num- 


ber of the Place that Power beure zn @ Je 


wic Progreſſion whole firſt Term and com: 
mon Mukiplier is the-Quuntity 
tber Words, 55 equal to thoNitmber of Times 


which the: Quantity x muſt be multiplied into 


| itſelf in order to produce that Power: that is, 
_ tt we take the Geometrical Progreſſion of 1: x: 
r: Xxx Se. and make an Art unetical Fro. 


rs in 


gteffon 'of 0: 1. 3 Cen then the 


Exponents of the co Terms in 


| the One Progreſſion, and therefore may 
74 be conſider d as the Loparithms of theſe Terms 


Mean between 1 and ꝙ, for Inſtance, 7. e. 5,will 
be the Index of the Geometrical Mean be- 
tween x or & & & Which is . The Arith- 


metical Mean between o and 10 will be Y or 


5 ſo the Geometrical Mean between & or 1 
& x*? will de * or & that is K 


FT by 7-34 &c. For the fame Reaſon 


127 


I —2.— 


4 Pome B hs 1 OI Ss 4 7 £ r 2 : 2 
£ 9 ry” he ; "Hh 4 8N "4 PER - W 4 \ EI — 
FFF r es JOY n r n rn » * — . — 1 
4 n n e 3 r r Wye STIL , E 3 - 
M3 3 = 8 n E AE e 8 c ES eg ies 
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52 Eb a 
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| Doeraes of Pioniond *Y 
| —1.—2.—3.&c, the Number in any Place of 


me Arithmetical Series will be the Index of 
7D the comfaliponcing Place in the Geometrical | 


er 

ot Series: : Thus the Index of - _ ; will be 7. 1257 
is FEST Thus, allo is = 
= 1 3 „ | 
in * x lh, 5 =, and 6 on. In itt 
= | 


L * 
1 Exponents of Powers, Addition. has. the Ef- 
We {© of Multiplication on the reſpective Roots; 
1 and Multiplication of Involution, and e con- 
tra, Subſtraction of Diviſion, and Diviſion of 
= Evolution, or in a Word, Exponents of Pow- 
ers are entirely ae with regard to 


1 N 8 


© 
7 


5” 


in z | their Roots. | 80 that = _ —is =xi—i=x?, po I 
ay I | EI ark ye 155 ' | 
al arte, FP i x", And i 
vl e 

be- „ 

th- | ll what has "TAR Gd, be duly confider d, 
"or no Difficulty in the new Notation will occur; 
* 1 and the Knowledge of it is abſolutely neceſſary 
* in auer to en the following Lame, 


CHAP. I, 


Let AD=B C=20,, IM 


. A. ö zo the 


7 finding the FLUX1ON of 2 given Fromm. 


ULE 1. To find the Wande of a 
I ſimple Fluent wherein there is but one 
variable Quantity. Mark the variable Quan- 
tity, or flowing Term with a Dot over it: 
* Thus the Fluxion of ax is ax. 2 > 


and AB = DCS x, 
and let bc be ſuppos d 
equal and e eee „Jo i 
near and parallel to BC. A 


3%): ax will be = its Fluxion. 


n let Bh=Ci=x.:; Then will CB x B 
ax be the Moment of the Rectangle AC or ax; 
and becauſe x may be ſubſtituted for x Ye Art 


g. RULE 2. To find the Furien of a 
Guantity compounded of different ſimple Quan- 
tities or Pluents connected together with the 

Signs + and —. Find the Fluxion of each 
fimple Fluent by Rule 1f, then connect theſe 
Fluxions together with the Signs of their re- 
ſpective Fluents, and you will have the Fluxion 
of the Quantity requir' d. Thus the Fluxion 
of a -b is oHν -. For fince 
and y flow or 1 together; when ax is 


increas'd 


eri of Flux oxs. It 
increas'd by its Moment a * ; that i is, when ax 


becomes ener, — by will become — by— 


by"; and 4 will remain the fame, as being in- 
variable, and conſequently its Moment will be 


= ©: therefore, then the Quantity 4. 4 4*— | 
by with its indefinitely ſmall Increaſe or De- 
creaſe will become 4˙ +ax— by + ax'— by 
| and the Increaſe or Decreaſe alone will be = = 


ar . Wherefore, becauſe x' and y'are ex- 


prefſive of & and y (Art. 3: :) ax —by i is = the 


3 of a* T -. 


Again, the Fluxion of x—y 42 is * 7 


12. And the Fluxion of * + bz is = 


a* e 

9. RU LE 3. 'To find the Fluxion of gd 
Product of two or more Quantities drawn into 
each other. Multi ply the Fluxion of each 


Quantity ſeparately by the other, or Product of 


the Reſt; and the Sum of theſe Products will 


be the Fluxion requir'd. Thus the Fluxion 


of xy is H , and the Fluxion of @xy is 
axyFaxy : Alſo the Fluxion of XYS ĩs XYZ +; 


+592 , and the Fluxion of Ld is 


a + 49 Þ+ @xyZ. _ 
1, That the Fluxion of xy is * 55 2 may 
be thus demogftrated : | 


as 
4 g 


ND P #4 (© WY 1 *% 4 3 3 
. 4 3 * * 
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. che Rectangle #* SOM elk ad ua! Fr 
. A2 xy be a Fluent or = gs ee F< 
flowing Quantity, Le 15 hw Sn: oe 
let it increaſe by. a con- 7 r - vibe 
nua Enlargement 1 5 
its Dimention, or Sides F 
AB=x and BOC. 2 


| Now in order to re- 4 e ee 
. preſent this” 5 N + Brig 
in its naſcent - State, let the kid 1 
ad and de be drawn very near and parallel to 
AD and DC; and let C D and A D be con- 
tinued on to H and K ; then As or DH and. 
Cc or DK will epralont the Increments of t 
Lines CD. and AD, and ade C DA the Mo- 
ment or Increment of the whole Rectangle AC. 
Now if DR and DH the whole i in- 
creaſed Rectangle will be =xy+x37/4xy44xy _ 
and conſequently the whole Increment or Mo- 
ment is y NN Y: But 1 in the very firſt, A 
Moment of the Exiſtence of this Ir ncrement, or 
Juſt as it is coming into Being, or beginning to 
7 xy bears no "affignable Ratio to either * 
I er as K : K 5 : and * by Suppo-" 
þ i is infinitely leſs than v, ergo, &c.) and 
therefore may very well be expunged or rejec- 
ted: So that x xy will expreſs the Moment 
or Increment of the above Rectangle as ſoon as 
te brgins to be; and then wy 1 it is that the In- 
crement 


Docrams of: Bxcradonte; 1 3 


crement is expreſſive of the Fluxion, or of the. 
Velocity with which the Rectangle flowys at 
the Point D: Hence by ſubſtituting the Fluxi- 
f on for the Increment ( fee Art. 3.) we baue 
= the Eluxion of che Rectangle 9. 654 
2. Much aſter the ſame Manner it may be 
demonſtrated, that the Fluxion of ay is 4. 
a. Thus let x' expreſs the very firſt Mo- 
ment of æ, or the Inereaſe of x juſt as it begins- 
to be, and yr of y, Now when x” becomes 
xk y will became. y4+y}, but a will remain 
the ſame as being invariable; and therefore ay 
with in indefinitely {mall increaſe will become = 
ax T =10xy4axy4axy +axy! and its 
increaſe alone =ax'y+$axy'+ax'y':; But as arg os 
ar oy iy L and cherefore, berauſe is in 
finitely greater than y/7ax'y is infinitely greater 
than a: So that (becauſe when any Quan 
tity is increaſed but by an indefinitely: ſmall 
Particle, that Quantity may be conſidered as 
remaining the ſame as before) the above In- 
crement or Increaſe of the Fluent axy, may: 
very well be conſidered as =ex'y-Faxy', and by 
| ſubſtituting! the Fluxion for the ne 
Art. 3.) we have its Fluxion =axytaxy. | Hem 
3. Alſo that the Fluxion of XY is Sl: 
haya may be proved after the fame Manner; 
thus, When * floys and becomes x. Tx, then y 
And 2 l flow, and become equal to hd and 


5 2 ＋ 


| 
| 
| 


14 n IMrhobbe ION 70 * 


242' 3 and therefore then the Fluent x2 will 


| become —=x+x ee *r Ne x L 


T Ly Te Tx f from which 
ſubtracting the ſaid Fluent wyz, we ſhall have its 


Moment or Increment alone =xy2+xy 2 T 


N N N Na Which may very 


juſtly be conſidered and talen as he. T . 


ber ſince the Ratio of this to x'y' Sy TL 5 . 


+ is indefinitely great, or greater than any 
that can be aſſigned, as map, be proved thus, 


: *r: end &: N :- 2 
and a K : &: x", and & „=: x"y'S" : 
„: %; therefore,” (becauſe, y'is Bae 


—— 


greater than , than 2, & than &, and Eid 


than y: x2 is» infinitely greater than & 
and x'y'z', xy'z than x ) , and xyz than æ , 
and therefore &c. wherefore, becauſe (Ari. 3.) 
x'-is expreſſive of x, and y of y and x of 2, by 
ſubſtituting the Fluxion for the Increment, we | 
have the Fluxion of xyz==x#yz4+-xj2-þays. 
Or thus, ſubſtitute v for xy; then by Demonſt. 
I, will v, and the Fluxion of xyS== 


v; therefore, by reſtitution or writing: 


yy inſtead of v, and xy inſtead of u, we 


ſhall have n dhe K 1 ve | 
, as before. 


4. And thus, alſo it may PIETY a 
Fluxion of axys 18 =a3y2+ax52+axy# ; 35 for 
rains v fot xy we e ſhall have by Dem. 2. 
v 


* _ 


Docrxi x of FLUxIOHS. 15 
vary Hag, and the Fluxion of v U- 
va the Fluxion of axyz, which by Reſtitu- 
tion iS — tro DEG. 


+ 
. - 


Hence, 


- 


10. The 0 of xx is node the 
Fluxion of xxx ĩs =XXX|XXXþ-XXE ; ; that is, 
the Fluxion of x* is =2xx, the Fluxion of & 
is 3x*x ; and if we put m==1,2,3, or any poſſ- 
tive Number whatſoever, the F luxion of 
x" will be m . 
11. RULE 4. To find the 8 of a 
Fraction. | Multiply the Fluxion of the Nume- 
rator into the Denominator, from the Product 
of which ſubtract the Fluxion of the Denomis 
nature drawn into the Numerator ; then this 
| Remainder divide by the Square of the Deno- 
minator, and you will have the Fluxion fought, 


I the Fluxion of * 7 is = — IE, For 


ES 4 


make 2=; then will Ya dax, and therefore 


1 the Fluxion of Ya that of ax (Art. 5. ) that 
is, j2+y2=ax, wherefore by Tranſpoſition 


and Diviſion 2 = EE 1. e. (by reſtitution 


or writing © 51 for wy 2 — cb = the Pit. 


* 


on 


vg >s Eee Hhe 
on'of # "= 7 | Alle che Fluxion LE, is = 25 


. 241 * 
— 


EY, the Truth of which, may be 


ene as before, by making. 2== * 


Agin the rann $6 ==; the Ploxion 
x 


Wt: 17 


* — 
| * = the Fluxion of - 1 
8 _- 12 
= x 
ao . uy by the new Notation (Se 


Art. 6) — is =a=; Abe; ph is = 
48 ; 5 ; 4 ; * yay R A . tf 1 * f 


N U — 2. 
OW and i — 7 


3 


- o* 
1 th . 
BE The Fluxion of x . the 
Fluxion of is =—2x—3x ; the. "AER of 
x3 is ==—=3x"*, &c. and if m repreſent any 
N egative Number whatſoe ver, the nn 
of will be =mx"=is, 
* 13. RULE 5, To find the Flation of 
any Power of a Fluent or flowing Quantity. 
Multiply the whole Term by the Index of the 
Power, then ſubtract 1 from the ſaid Index, 
Lund 4 this whole Term i into the Fluzi. 


on 


the Fluxion of x P is =3 x K EN 3 + 
Tax * 7. 2 1 1 i x Pax; the 
Fluxion of 20X—x 125 is =* 20 a T-Ax. 


"> — . . . 1 "i 
24 222 * which is =+ ——_— x | 
a - 
ae FA e. * 3 the Fluxion of 
2 * | 
— ? 1 | 
RIES 16. =- Ms 
Wh | 7 wa - 4 Pr . 
— 20%— * 
a - OF = "> - And 3 univerlally, 
| 3x atax—x* 


| 2 5 
the Pd of x" is = —a &«„ Xx; where mor 


u, or both, may be either Affirmative or Ne- 


gative whole. Numbers or Fractions; ſo that | 
| the Index or Exponent 7 — expreſſes or repre- 5 


ſents any Affirmative or Negative whole Num- 


ber or Fraction whatſoever. For by Art. 10 
and 12. if m repreſents any Affirmative or Ne- 


De * Number, the * of xn wil 


. be med; TION if we pole y=x", | 
or e is the lame, Je, ( being any 


5 N | 2 


* 


on of de Root of the Fluent; and you will : 
have the Fluxion of the Fluent required. "Think 35 


—— — —— — — 
9 * 


* 
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28 As Ira be rom 10 le 
Affirmative or Negative whole Number: likes 
wiſe) by Art. 5. we have LA 
4 which divided wy; £1 gives 1 . 1. 4 


& ng 


wy: 


mann"; 


| by m wiking PU br! its l, 9. * 32 * 


* * 


2 5 whit 1 = the 

D, 
1 2. 8 "Fre. | 

Fluxion of x* 7 hn; q theneking &c. 

that either m or u, or both, may Na Be any 

Fractions as well as whole Numbers is plain, 


Gnce this — — expreſſes the Quotient ofany whole 


Number divided by another, and may be taken 
1 for a new mor n and ſo on, «d i,ꝭ,ũ˖ 


14. RULE 6. To find the Fluxion 1 8 a 
Logarithm. The Fluxion of the Hyperbolic 
Logarithm of any Quantity, is equal to the 
Fluxion of that Quantity divided by the Quan- 
_ tity itſelf: Thus the Fluxion of the hyperbolic 


5 Logutdin of # gi the Truth of which 


we ſhall n We Eur. 1 


— 


; Doerams of F LUXIONS. | 19 
Queſt. 10.) then, as the hyp. Log. of 10 (vis. 
2. 302 58 50929 os] : is to the common Log. 
of 10 (vis. 1) :: ſo is the hyp. Log. of any 
Number x: to che common Log. of that ſame 
Number; that is, if we put L=-2.30258 Re. 
As L: 1 :: hyp. Log, of x : common Log. 
of x, and therefore, (Art. 5.) :: Fluxion of 
b- Log, of x: Fluxion of common Log, of 


Hence we have L: 12:5, E=the 
7 Fluxion of the common Log. of x; or, be- 


cauſe ae 19 &c. if we * an 


* . M, then the Fluxion of the common 


Log. of , vi. = will be == x M,j.e.the | 


4 Fluxion of the hype rbolic TA of any 1 
Number multiplied by (M or) 0.434294 &c. 4} 
a gives the Fluxion of the common Le * 
1 of 10 ſame N umber, 3 ts 
b "I 5. Note,” It is fometimes exporting! 3 bi. 
P order to find the Fluxion, to divide the Equa- is 
0 tion given, by one or more of the vatiable 18 
L Quantities contained in moſt of the Terms: al 
And to ſubſtitute ſingle Letters for compound 14 
4 Quantities Thus if the given mon were ph 
KA 
| - 


el MS 
e 4 


26% "AwrrropvcrioN'# the 
ag. De, ages both Sides of the 
Equation by 55 then +7 Jo G ke, 15 a 


* 


the F ke of this Equation. ls is & — — 7 — —a 


Hh; And if the Equation 1 were x 
5 ＋ == ax, ſubſtitute v for © =; "thin 


* 4. and this in Fluxions is 5 0 
Sas. 

ny” 6. Note, "Him we have . 5 
one variable Quantity in any Fluent increaſes, 
that the others, if any, increaſe likewiſe ; 

but it - ſometimes * happens, that ſome & 
them decreaſe while the others increaſe : 
Wi in which Caſe,” the Fluxions of theſe de- 
creaſing are Negative, with reſpect to thoſe 
| of the increaſing Quantities; ; and therefore the 
$8 Signs of the Terms which are affected with 
it | them, ought to be Negative. Thus, if whilſt 
* x increaſes, y decreaſes, the Fluxion of the 


PFluent xy will be = =xy—xy. To oe: which, 


178 let the Line AB be e 
| . ſuppoſed | perpendir, | d Aer = 5 
cular to the Line BEE 70 3 

and equal and paral- 85 5 
lel to the Line CD + 1 — 


* to move dong 


* 


DocraixE of Fiuxtons. 4 
con the ſaid Line D E towards E; and at the 
fame Time, let the Point A be ſuppoſed to 
move along the Line A B towards B, ſo as that 

when the Point B is advanced to 6, the Point 
A may be arrived at a (ab and ac being ſup- 
poſed indefinitely near and parallel to A B and 
AC;) then the little Parallelogram A Cce 
ſubtracted from the other Bea will be the 
Moment of the Rectangle ABD C. Now if 
we put A C or B D, AB or CDP, In- 
crement B h̊ or ea=x', and decrement A e or 
na=y'; then will e en „and the little 
Rectangle Ba=y—y' x x' r- xy, i. e. 
the little Rectangle B, leſs the little Rect- 
angle en; but ſince theſe two little Rectangles 
are to each other as BA to e A, and the Paint 
e is ſuppoſed to be indefmitely near to the Point 
A, or Ae to be but juſt beginning to be, or 
coming into Being; therefore the little Rect- 
angle BN cannot properly be ſaid to be dimi- 
niſhed or leflened by the ſubtracting from it the 
little Rectangle en which is ſo infinitely leſs: 
| Wherefore the faid little Recunglo Be may be 
l conſidered as equal to y; from which if we 
| ' ſubtract the little Recuingle Ac, which is — 
x, we ſhall have yx'—xy'= the Moment of 
the Rectangle xy or BC; therefore by ſubſti- 
: tating * and y far & and y W 3.) we ſhall 


An Inzzopucrion 70 WY 
| -_ the Velocity with which the ſaid Rect g 


71 angle increaſes or decreaſes at the Point A, or 


the Fluxion of it at that Point =yx—xp. A. 


gin, if 2 decreaſes whilſt y and increaſes, 


then the Fluxion of the Fluent-xyz will be = 
n- CH - Underſtand the ſame of the 
Fluxion of any other Fluent of a like . 
whatſoever. : — 

I what has been th 1 be 
thoroughly underſtood, we hope the Learner 
will meet with but few Difficulties in the Ap- 
plication, l ; = which we now proceed. 


. HAP. m1, 


. "finding the Maxima and Minima (or greats 
of and left) of variable Quantities. - 


| 17. F a variable Quantity is of ſuch a Na- 
54 ture that it increaſes continually with» 
ont end, or decreaſes till it vaniſhes, its great- 
_ eſt or leaſt Magnitude cannot be affigned or 
determined; but if there is a certain Limit bee 
yond which it cannot paſs, and it is determinable 
- when it arrives at that Limit; or, if at firſt it 


- " increaſes till a certain aſſignable Term and then 


_ decreaſes, or firſt decreaſes, and then increaſes ; 
its 3 at ſuch Term," is called a Maxi- 
7 mum 


R * eres 23 
num or Ae Hot be in its — 
a ſtable or ũnvariable Quantity; and therefore, 
becauſe an invariable Quantity has no "—_ 
its Fluxion is equal to nothing. | 
WL EL „%% 
and make this plain- | 1 
er: Let the ee e 
Line BA be ___ fat N 
poſed perpendicular 2 
to the right Line: *t—— 
AC (Hg. 1. ) or BE ke! 
(Fig. 2.) and to be 
carried along the 
faid Line with any 


- given Velocity, and g 
in ſuch a Manner, 


as that it always be parallel to its d Situati- 
on; and, at the ſame time, let a Point be con- 


| Ceived to move along upon the Line A B, from _ 
A; with fuch Velocity, as that it be always in 
| the Curve A DC: Then will the Velocity 


Line AC, or BE, be the Fluxion of the Ab- 


ſciſſa; the Velocity with which the Point 
moves along the Line A B, be the Fluxion of 
the Ordinate; and the Velocity with which 
the Gone. moves: along the Curve, be the 


Fluxion 


* 
* 
i 
: 
: 
$ 
: 
. 
* 
* 
* 
+4 
'* 
. 


— 
1 
—— — ——— 


1 


5 * 
« 


— 
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Fluxlon of the Curve. Now when the Point; 
moving from A towards B, arrives at D, it 
can proceed no father, but muſt return towards 

A again; becauſe the Ordinate FD (Hg. 1.) 
is the greateſt, or (Fig. 2.) the leaſt poſſible, | 
i. e. before the Point arrives at D, the Ordi- | 
nate (Fig. 1.) is continually increafing, and af: 
terwards continually decreafing, or (Fig. 2.)'is 
continually decreaſing, and afterwards, conti- 
nually increaſing ; therefore atthat Point, it is 
neither -increafing nor decreaſing, but is in- 
variable, and therefore its Fluxion i is o. 
19. When there are two or more variable 
Quititics in an Expreſſion, repreſenting the 
Value of a Maximum or Mintmum, the Value 
of thoſe Quantities may be determined by ſup- 
poſing, them to flow ſeparately, or one by one, 
-whilft the reſt are conſidered as itivariable, 
For Inſtance, if it were required to find the 
greateſt Parallelopipedon, that can be con- 

A e. tained under a given Superficies, it is evident 

ttat each of its Sides mult ſeparately flow out 
to a certain determinate Point, beyond which 

= it muſt not paſs ; and therefore its Fluxion at 
that Point muſt ceaſe, or become o; or, 
| becauſe if the Fluxion of the given Expreſſion 
of the Maximum or Minimum, when only one 
of the ä is conſidered as variable, be 


„i not 


U 
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- 160 not ==0, the ſame Expreſſion may become 
greater or leſs without varying the Values of 
thoſe which are conſidered as conſtant; there- 
fore, when it. is the greateſt. or leaſt poſſible, 

0 of thoſe Flyxions muſt then become So. 


Ca. = Nie! x. 4 e Spaces, it is in 
fe the ſame Thing to ſeek the greateſt Area 
that can be contained under a given Perimiter, 
as to ſeek a given Area under the leaſt Peri- 
miter: And the ſame holds good, in reſpect of 
Solids and their Surfaces. 


Nite, 2, If any Quay is a As or 
Minimum, all the Powers of it will be fo too , 
as will alſo the Product or Quotient, ariſing by 
its being multiplied or divided by any invariable 


or given. Quantity. Thus, if LH * * e * 


N enen a Maximum or We then & 
zax will be alſo a Maximum or Mini mum, and 
| conſequently its Fluxion ms be ==9, 


Note 3. ' Generally, when a variable Quins 
tity, admits of a Maximum, its Minimum is no- 
thing ; and when it admits of a Minimum, its 
Maximum is infinite. | = 


. Ex- 


a6 As Inrrapuerion 10 the 


F 
5 


Exaners I. 


WE. . 75 fad the Value of x, in Term of nd 
* when bx——ax* is a Maximum. I 


| "Sane the Fluxion ofa 1 is 

therefore the Fluxion of bx—ax* muſt be o; 
that is 24 . Now if we divide this 
Equation by &, we ſhall have þ—2ax=0 ; 
therefore, by Tranſpoſition, we have 2ax—6 
and by Diviſion x— 2 which) Is the W of 


x required. 


Ex AMI A II. 
22. To find the A 2 AS: 55 
Point p in the 


given right Line AB, * the Rectangle 
Ap into p B is Maximum, or greater than 
any other Rectangle An into u B. | 


Pur the given right Line A Ba, and A 77 
S; then p n? B= -x, and by the Data Ap x 
b B==x x a . - Da Maximum; there- 
| fore the Fluxion of ax—x* is , that is, ax 
—2xx=0, which divided by & gives @—2x 
=o, therefore 2X==0a, and XK ad. Conſe- 


„ e gquently 


* 


0 


15 23 To find the Point ar 


\ 
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quently the Rectangle of the Parts A 5 and p B 


are the greateſt when thoſe Parts are equal. 
Or thus, Put Ap x, and p By; then 


Ap x þp B=xy=a Maximum: Now it being 


evident that if x increaſe, y muſt decreaſe, 
therefore (Art. 16.) x and y are Negative to 
each other ; and. conſequently the Fluxion of 
xy, when a Maximum, is xy—xy=0 : But it 


18 likewiſe evident, that the Increment of x is 


equal to the Decrement of y, or #7 ; there- 


fore ſtrike both out in the above Fluxion of xy; 


then we ſhall have en, and therefore x== 


J, as before. 


EXAMPLE III. 


B 
p in the given right | 


Line AB, when Ap” x BY is 4 MR 


=: the given. right Line A Ba, © and A 5 | 
x; then pB=a—x, and Ap x Þ þ B | 
a- = a Maximum, therefore its Fluxion 


is So; that is, (ſee Art. 13. and g.) n 
Abner xxx" G 
me"; x @—o—na—x Iz x x"=0, which 
divided by -in gives ma—x}—na—x/—"x 

r x|"=n,a—x|— 'x; then 


E 2 divide 


1% 
— 1 


- N 2 4 SS « wary — 6 
* 1 p na So b&>, r 9 * MEL” 3 EX Sp = . 
1 x 4 we 5 Sy N * I ” 

Oe: D SH, " Lag 1 N ** 5 5 ** > = * . 7 * bs IX y '» a> +44 

1 9 . 3 * ” * * r . 

n — s paper - ay * * eee — 1 * . b 
. . — - — 2 "as 88 ain NN : ; Te = 8 ** — 1 9 227 ©, 

wy mn, hy . n "i * 4 a4 2 F 

— armed, . — 22 5 2 


— 


— 
— 
r 
2 of y 
N zz 898939 
— —3YͤU Ito 


— 
— — 


\ 


28 An IxTRODUcrION forthe 
divide by - and it will be M. —x= 


71x, 1, e. ma mx nx, or mæ nx ma, theres 


fore x= 2 a, and the * E | L deter- 
mined, _ 

Or thus, Put Ap==x, and ha ; 77 ul v 
= a Maximum, which in Fluxions is 27x. 
—mx"—*xy"==0, ( fee Art. 16.) but & and j are 
equal (Art. 22.) therefore throw both x-and y 
—then 1 "x"—mx—y=0, And ny 

me-. Now by dividing both Sides of this 
Equation by re i we ſhall have nx—my 
therefore m: n:: x: y. So that the Segments 
are in. direct Proportion to the Powers i in the 
Maximum. 


ExAmMPLE IV. 


24. To. find the Values of x, y, and 2, Ss 
= and xy+2*= @ Minimum, 


Becauvst x+y+2=29, therefore X - 
2, which ſubſtituted for x, gives xy 
ay—y f = a Minimum. Now by 
Art. 19. we may conſider y as variable whilſt 
Z remains invariable, and 2 as variable whilſt 
y remains invariable ; therefore, by ſuppoſing 
2 invariable, the Fluxion of the above Expre- 
ſion of the Minimum will be ) — 25 —/½ , 


and 


and by ſuppoſing y invariable, it will be — 2 
Taz oO: Now by dividing the Firſt of theſe 


two fluxional Equations by q we have &—=2y 
- O u . and by dividing the 
Second of ond by. we have —y-423==0 *«* 


x=. Hence y = Ah, and therefore y= 


24, and conſequently == (Ey=) Ta, and * 


. gs 4 9 


2 25. To * a Cone inſcribed i in a given Sthere, 
whoſe convex Surface ſhall be a Maximum. . 


Por the Diameter of | 
the given Sphere (VD) 2 
n, the Altitude of the 
inſcribed Cone (V B)= / 
x, and 3.14159 &c. = A 
c; then BD =a—x. 
Now, by a well known 
Property of Circles, V B 


X B DEAN; that is, x x Fx=ax—x"= 

BA}: And by 47 E. 1. AV V=VBl _ 
i. e. Av Tax N. But BA xc 
| =ax—x}* X c - = the Circum- 
ference of the Cone's Baſe, which drawn into 
its ſlant Heis (AV=) 41 gives c - KN 


* x A: 
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A, Xx 
2 5 
© 


PE 8 _ of 8 a — — 
2 eo > * Wer 
N * ; Y 2 * 
0 
32 F * 
8 


— 4: — — £ 
© none, ens rates CY 
ey * 8 
„ 
. . 


* 
— I —— 


8 8 IE IE" EY CAE OST el rr — — 8 Yr — 2 ne 
9 * *% . eu- — EE 8 8 — — _ — 
5 = — wy ne _ * * — ” on — On £46, — * Er — 2 
ny * 3 r n g — — 2 * MT I. And. | — r * * m7 — — — het > Def ry 
> © 4 _ on & _ > a” 8 « " ”. ” — — = * — — 12 
— ELON . r ADS 24 ado r 5 3 — 5 A * . a 5 n — A * 3 i= — 8 * * 2 1 
— 1 Carts 1 * » 2 4 4 — t — — — — — - * 4 - — = — — Sx Xx," Dx a ry = jp » A 2 — 
fs” : 5 — pu - . 4 — — * * Hs - * — 2 — — 
n man OT”. per Rs = ; 8 22 . * 8 — . * 8 — 
„ 8 83 3 4. E — (= 4 * * Y 8 Wc 2 — = "4 
— N 5 2 Wb COT « 4 b 9 + EIT” 4 92 - " _ o - 
— WY 88 


22 


2 
— — 


22 


— 
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— — — —— — 4 
r 


whoſe Altitude BV 
ia, and Baſe- 
5 diameter AC=b. 


3 Anlvrrzodvcrion to the 
x af =0"2'x mr S its Curve Superfi- 


TX cies, which by Queſt. muſt be a Maximum ; 


therefore c c = the Square of a 


Maximum, or a Maximumalſo (Art. 20, Note 


2.) apd its Fluxion, therefore 2c — 
$e©ax*x ο, which divided by c*axx gives 24 


—0; therefore 34 22 and æ = 4. 80 


that the Convex Surface of the Cone will be 
the greateſt, when its Altitude is ; of the 
Sphere's Diameter 22 ; 

26, N. B. There was no a of introduc- 
ing c in the above, for VA x AB a Maxi- 
mum; the Radii of Circles being as their Cir- 
cumferences. And therefore in ſuch like Caſes, 


we ſhall omit inſerting it as often as may be in 


= in Examples. 


© Examerts VI. 
27. To find the | 
greateſt Cylinder that 
can be inſcribed in a ; | 
given right Cone e. g. * 


| Por the Diame- * 


Docrams of Fuuxrons: 31 
DE or F G==x then, the A's VAC and 
VDE being Similar, as AC: BV:: DE: 


HV, 4.6 5: 4 2 2 v HB=BV, 


—H " =. 4 7 => the Altitude of the Oli. 
Whende 2 art. 26. ) Tr > * BH 


| CE F An Maximum. Con- 


ſequently ( ſee Art. 20. Note 2.) b. = A 
Maximum, in Fluxions 2bxx—3x*#=0, Which 
divided by xx gives 2.— 3 = O 3x25 and 
x=36= 2 G or DE. Conſequently BH (=a 


— == 80 ine the Diameter and Alti- 


tude of the 1 will be to the Diameter 
and Altitude of the Cone, as = to 1, and as 4 
to 1, when the Cylinder? is the greateſt able 


ExANM TIA VII. 


28. 75 And tbe largeſt 
Cone that can be inſcrib- 
ed in a given prolate 
Tranſverſe and Conjugate 
Diameters T8 and CN 
are a an?] H. 


Pop the Altitade of 


\ 4 5 * 
> af . we pe: © 8 7 
An INTRODUCTION' 0 
7 . * y 2 K 4 . d 
. - : 0 * 0 4 


nnn N * 


n | fices, 


cribed Cone B Trax, then B 8 T8 
"B==a—x. Now by a well known Proper- 
o Elbe TSH. ENV ;: TBxBS :ABY 


ab? — * 


eee Y 5 2 2 : D Gag Ne- BA 
Which (Are. 26.) drawn into 6 +B T) +x gives 
5 E . a = a Maximum... Conſequently, 


(A. 20. Nate 2.) ax*—x*= a Maximum, 
which in F. luxions 1 is 2ax3——3x" . 4 then 


divide by : Xx and it gives n Con- 


ſequently - 34 2 and K la, that i is, the Al- 
titude of the * N be - => of th the Foe 


Nh ao. VIII. 


29. To find the internal Dimenſions of a * 
 Hindrical Cup, whoſe Cabaci ty. 160 *&# ven =; 


2 


Silver f 4 given thickneſs. 


Pur the Diameter x, . Ra 539 8 
c ; then cx = the Area of the Bottom, and 


therefore — — = the Altitude : But dex being | 

= = the Grabe. of che Bottom, therefore 
2 

46x * == the inſide Curve Surper- 


"Doeramn of FLUxIoNs. 33 9 
flies] ; which, becauſe the Quantity of Silver 7 - q " 
is the leaſt poſſible, is a Minimum. And this o = 1 


| therefore in Fluxions is bac =0, W l h © 


multiplied” by * gives 20x" $—44% = o, and 


this divided by 2X gives Cx 1 =0; theres 
fore c. cx = 24, and ==} . ES i 


"EXAMPLE Tx, 


30. To find the internal Dimenſions fs a Cife 
tern, in the Form of a reftanglar Solid, i. e. 
aohoſe Bottom and all four Sides are rectangular; 

when its Capacity is = a and made with the 
leaſt poſſible Vanti ty ** Lead of a gi ven thicks 


eſo. 


Pour the infide © 
Length AB or 
CD x, Breadth 
AC or BD= y, 
and. Depth AE 
or Cc Fr; then 


we and therefore 7. ==. Now the i in- 


fide Superficies of the Bottom and four sides! is 
N X DBB AxAE+2CA x AE, i. e. 


4 * 


« . 4 — 3 F T —_— 
— - : . a 
x . 


pl n n * * 3 ” 
k _ — Phones l * aq — e 
* . oy — — N 8 E 4 = iy Ae - — OT 2 — * * — 
Bag ous, kth; er — 2 1 * LE” ne Ne ap" — Mr © D T — OT © l a * 2 ob — 2 n — KO es 
og. 8 9 4 - 8 by w —__ — * * 2 4 * * 7 
* . gs - Pay: 2 28 >» — 1 >»; — - * 2 + i oY . N . e > : N 
Le G HI oi a _ _-_ . . 2 „ > + n * 8 ne” vos 2 SA 
1 —— by EY en, ter mT 5 My 2 2 2 * - mad 4... r n rr of =» a 
— — eg eos pp ca ran. yo : 
vs ee 


ES 5 
q — Aya ++ * 
3 l 
7 7 oy \ = 
xl eh CA bn Al an hs 
+ [wn 4a +... — 2 


os InTRoDUCTION Zo the | | 
ere (or, by _— for 

x) = +£ +25, which, becauſe the 

Ciſtern is 1 of the leaſt poſſible Quantity 


of Lead, is equal a Minimum; and this there- 
fore, by making and 2 flow ſeparately (ee 


Art. 1 90 in Fluxions 1s 272— * =0, and 


27 = So; the firſt of which Equations | 
- Hiiltiplied by y* gives za do, and this 
divided by 2) gives Sy —a==0" age And the 


ſecond Equation multiplied by &* gives ay 
es, and this en. * 


o. Hence we have — 1 
251 5 


= wa i. — 8 - = — Sm -- 2 _— _ — — 
1 = _ 2 2 | = 
* : 1 — * ms eg = — 4 - ga Tp. 28 No n 
ä 
: 3 — _ — — 
. 
2 * - "I 6 = 
N 4 LI” 25 — 2 — hon — * — — 
0 . * 4 8 2 — —_— — . — 
r —ů—— — — = age „ * * 4 
D yy Ic W — — n 2 yon — 
—— 
N 4 Ro — 8 
. 
. - 
. 7 8 4 
- 1 * ” 
1 
- * * 


Ar 
— , 


this ſquared © which tultipid by Il 
gives ay ad-, _ therefore 7. Daa and — 


Whence z == == ML 
th 7) == 20 { EET 2 


> 

”-.4/ * — — - - 

- * TX K * _— = a _—_ 35 
222— r —— 7 © 
4 - * * 3 5 
— — LL * 5 
— * 2 8 ran, " . * 
9 , 
Ca _ 2! a. F — — 2 WC Hs ee eee erent ———————— Yagvohs — ue nol» 
RS” oo 8 3 a 0 RG I A A ED > oe EL ER an 
N * * 5 
- 
” 
6 
. 


ES. 


1 


; = And * 2 _—_— 


" 2a x$20Þ 
. 80 that x x= J is, thatis the | 


3 « * * 
4 
ES ee oct are es. 


f- 


being aMiles apart; 
from A to any Place 


dar to the Road BA 


— 


— 
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; Length and Breadth will be equal, and each 
equal to twice the Depth. 


Or thus, Let the inſide Length = x, „ Breadth | 
=, and Depth = 2; then the Superficies of 
the Bottom and four sides Ny 2 F 2y2= 
a Minimum, as before ; or, by ſubſtituting — 


5 for x, it will be ——hy—abz+2y 2, In Fluxi- 


ons —bj—2bz+2jz+2y2=0. And taking 
the homologous Terms * 27 — ho, and 
2yz—2bz=0 ; by Diviſion and Tranſpoſition 
22==6, and ys, therefore, by Reſtitution æ 
y az. But h a, i. e. ., af M 1,2 x 
be ee, 
This in Effect is the ſame as . b and z flow nur 


nnn * 


ExAMPLE X. 


31. A Gentleman 
wants to ride from 
the City A to the 
City C, the: Cities 


now from A to B, 
which is b Miles, or © 


P in the Read CB 
which is per pendicu- 


72 


* 


36 An InTzRODUCTION: to the | 
be can ride after the Rate of c Miles an bour z a 


but from B to C he can ri de fa er, or after the 
rate of d. Miles an hour : To find P, the Place 


70 which be muſt diretly ride i in order fo o per form 
| * Nane in the leaſt . Time. 


By 47 E. 1. B BCN = OX =Ai 
which put Se; alſo let BP = x, then PC= 


—* therefore by Queſt. = = the Num- 


ber of Hours he will be af * P to 9 
— by 47 3 AFN | 
T, therefore by S 2 ELD 2 = IO 


Number of Hours he will be . from A to 
x* +6 1 Om 
0 


P. Hence we have. 


Number of Hours he will be performing his 
J . , which by only muſt be a Minimum: 


Therefore i in Fluxions = Z RE I X _— 


: 
1 * = Xx 2x% 


* 


— 925 * 8 1 Fj ES 


: * 
„„ 


— 4 N then multiply * Cx 
cxx +6 4 


* ä and we a have dic x 


— 


1 
LO 8 * * 
* 
. 
Sm _—_ — * * . 
- 
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"A * o, and this tranſpoſed and divided 
by x gives d c x * A which ſquared is 
d's' Sc be b“, therefore d& Ox c. 


272 


and 1 22 12 conſequently wy = = 
7 7G, 9 

Or thus, Let Ap be ſuppoſed indefinitely 
near to AP, and the little circular Arch Px de- 
ſcribed with the Radius AP ; that is, let Pp 
expreſs the indefinitely ſmall Increment of BP 
and up that of AP. Now it is evident, if P be 
the Place to which he muſt directly ride, that 
the Increments Pp and up muſt be as d to c, 
ſince then only can they be paſſed over in the 
ſame time; but the little Triangle Pup is Simi- 
lar to the right angled Triangle ABP; (for 
the Arch Pu being indefinitely ſmall, may be 
conſidered as a little right Line perpendicular 
to Ap; - and fo the Angle PA p being indefi- 
nitely little, the Angle A p B or n P may be 
conſidered as equal to the Angle AP B, and 
therefore the Angle pPr as equal to the Angle 
PAB.) Conſequently as 4: c:: AP: PB: 
But when the Hypothenuſe and Perpendicular 
are re 4 and c, the Baſe by 47 E. 1. will BY: 
d -c Ac, therefore, Fe: 1 A B) b: 


be 
FRE! =B P, as before. 
4 k 85 455 *. ö : 15 E ; 


38 An InTzoD neee the 


ExAMPLE XI. 


3 35 7. the Triangle A BC ove one * 
B in the right Line DE. To find a Maximum 
of the Sum of its Perpendiculars AD and CE 
dropt from the other two ages on the right 
Line aforeſaid. - 

N. B. "A B=z==0, BCB, * the 

4 ABC=go* „ | 5 3 


0 


| Por DB=x; 4 by 47 E. 1. AD= 
ABB — f. Now, becauſe 
the CA BC is right, the . CBE is the Com- 
plement of the . ABD, and therefore is = 
BAD; conſequently the Triangles ABD 
and CBE are Similar; therefore AB : BD : : 


BC: : CE, je. 6150 Sen His 


we have AD E=P =p = Mari. 


' a 
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aun by Queſt. in Fluxions ** 96.5: 


bY ES 
2 E=0, 1. e.— — 3 


1 a 


* 


| which multiplied by a 25 — x a gives * 


＋ —x*Þbx=0 : Therefore by Tranſpoſiti- 
on and dividing by x we have ax _ 
by Involution a&*x*—4a"b*—/*x*, Conſequent- 
ly a * , and * 25 2 


fre = 2.4 Hence A DC CE 


* 521 843.25 ;= the Sum 


of the i when that Sum is the 


17 poſſible. 


— = 


"EXAMPLE XII. 


3. To find the greateſt Ellipfis that can be 
e in a * * * are 


given. 


Let the Rhombus be drawn, and the EL 
lipſis inſcribed as in the Fig. and from the 
Point of Contact B the Ordinate BC let fall, 
Put E T=, EF=b, and EA or ED x. 
Then {&e De — Conie Sections rt. 


"ou: 


thene- 


Wh p SS 
— 


T _- a” — A * 2 — — SY » . — — — - n * 2 ire, — a — 2 
« * ws py, * - A - 1 . > - 5 - = ws BY p * 
5 a * te p . " of = 2 _ 7 * i” r _ * » 
E . * — — e 1 n r ——̃7˙ 8 n p — # * 8 
- N — ” 1 8 DX 42 z x — * = — 3 — 8g» 47 i, 12 n + "3.5. - *. Fw + 5 ** 
4 : = r . p . 2 6 2 — —.— Cen, 8 — —4 — — 
« by pa > 1 * (LAY oY — I 7 — 1 — £ * 4 "4 3 > gs 4 wg 5 2 7 = _ 
r - 2 — — — Lets ts 2 poly l PY at I > 22 - weed OE LED 3 * * k — RF EY 8 7 
— — . / \ g * 8 : | 4 — n | 
r 70 | - 4 ae 2 2 3 _ N 22 — IX "IST r 
— — R 2 — n e 1 Go - - 
— 4 -— v. —— 


. 
— acts 


rr 


* * 
—— 1 — 
- — — en who 
n N 22 


— — — 


2 


r 


DEST I 2 pO . r 1 = * — 
3 — 5 : N eren TE 
er GEM: c — oy Sort 
a n ho 5 F eo 
e 1 en wt Ss "x mo 3 - — r * N 
— - A" >.” > 7 * * ho * 1 
* xo LO *. 3 — 9 
82 532 rr. — 2 * : 
. hs 4 V- « X Les 4 Em Sg * — A 
ee ET OS EE DO INES 


3 : 
— N 2 5 oy 


— 
* A 
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| x 


x? x? ax—x* 
TR Eh outs. has ——— = 
a | a a 


h a „a and . By Sim. 
As TE: BF: 1. CB, i. „ at's : 
a- — 


: ——— = Cc. Now by avel 
a 8 


known Property of Ellipſes DC SCA: CBU . 


2: DExEA : EN, b . 


x * 


uy 2.5.— 224. 44 i * bo ; 11555 1 
1 a” oe Bari hai 
2 be arcbeeke l 1 Br a 3 er 

. — EN,. 
Ne w. h the Ellipf i is't6 be the greateſt 
"Pins 


Doerr E AFror tons. A* 
me (Art. 36.) EXP X BAY —.— = 


* 
40 } 4 2 


— * — = the Square of a Maxi g 
nun, 3 therefore divided by 5 {fe 2 
20. Note a0 gives = w_ 2 =a bard 


7 2.4 


— — 


= 0 4 — — SO”. 2 
EE Ts Pi IO, TN en 


3 - CW n — — 
— r £1 we CR” - W . 
p Pi Got we 5 * \ — 
W 2 » 
T 4 N . 


hh og, - 
1. >2&* 8, 6.7L 


© 
Ct. Em ey + 
n 


— ng 8 


K a”; 


> — ä 
— 3 — r Du 
pu — * n 5 4 E * 
_ — * P — eh 1 * . 
I — 5 _— a D Sw — 2 ; £20 5 *. 
* ot ak * 2 — > 


whichs i Fluxions is 


mites by 4. a* and divided be 2x% gives by 
a o ae, and = Þ oi: 


© * 
= "© | . F * 99 #- * 2 LI 1 F a |» 
53 TIS £4) 230 + 4 / * 0 ph} 4% #4 


CoROLLARY. 


| The tranſverſe Axis of the greateſt Ellipſis 
that can be inſcribed in a Rhombus is equal the 
greateſt Diagonal drawn imo /, and the 


conjugate Axis equal the leaſt Diagonal drawn 


into / T, that is, the Axes are to the Diago- 
nals, as T to 13 which is the ſame Propor- 
tion, as the Diameter of a Circle bears to the 


Nabe f We Ffcymerſbing e. 2.1, 


| £T « : 
= 4 9 3 81 
ge. 13 94 [4 5 © 5% & # 1 
i 1 0 ? , 
— * wet # — . 
: 
— 7 1 : 4 x 
bi : * | [ 
. A 
* g 11 
1 $ * * N 
33 k 4 


1 
2 r 


— 


4 . 
* 
=; 
wy bs 
_ 
A, %Y 
* 
x 
6 
8 
* Av 
* 
be 
O's 
* 
1 
4 
5 1 
8 
x 
*% 4 
"oy 
4 
x. f 
& 16 : = 
4 
1 
z 7 
4 * 
19 
* 2 
93 
= 
+ 
0 
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2 &FE (IN. | 
, deere TANGENTS fo Conyus. | - 


&. 


34. 8 it is the Nature of all Curves, to 

, have their Directions alter'd in e- 
very Point, ſo the Directions of every Curve 
will be various as the indefinite Number of 
Particles or Increments, of which it is com- 
poſed ; and to find the Direction of a Curve in 
any given Point, or a general Expreſſion for its 
Direction in all Points, is what is meant by 
drawing a Tangent to it. as 


wu 
n 
„ 


, $ 
wihka _ 1 4 * 


If he bs ys T B ; be Sb) to YT 
with any Point B of the geometrical Curve 
ABD ſo as to touch, but not to cut it; that 
Line is a Tangent to the Curve in that Point : 
Ahd/becauſe no two Lines can coincide, unleſs 
they have the ſame Direction, therefore the 
Direction 


* 


4 


. 
a 


Docrxixz of Fiuxrons, 43 
Direction of the Tangent, is properly, the 
Direction of the Curve in the Point of Con- 


tact: And what is required, by drawing a 


Tangent, is generally to find the Sub-tangent 
CT, or the Diſtance from the Point C, of the 
Ordinate B C to the Point T, where the Axis 
produced, if occaſion, is interſected * the 


Tangent. 


35. Let cb be ſuppoſed parallel to C B, and 


B equal and parallel to Cc; then if the Line 


c be removed towards C B, in a parallel Mo- 
tion, till it coincides with it, the Moment be- 
fore its coincidence, the Triangle Bs will be 
in its evaneſcent State; or, which is the ſame 
thing, if the faid two Lines be ſeparated from 
their Coincidence, the very firſt Moment of 
their Separation, produces the ſaid Triangle in 
its naſcent State ; and in that Moment, -the 
Line 5, terminated by the Line B at one 
End, and by the Curve. at the other, comes 


_ indefinitely near to the Tangent T B produced; 


Conſequently the Triangles 53 B and BC T 
come. indefinitely near to Similarity, and may 


be conſidered as Similar: Wherefore, then, 
En: 1B: . CT, 2 AC = &, and 


CB= e *: 7 23 — =CT, that 5: #:: 


on 5 


44 ms herobVve rio 7⁰ * 
e = er. Ad this is a « geveral Expre- 


flow for 85 Sales of env Carve whoſe 
Abſciſſa is * and Ordinate y Now by means 
of the Fluxion of the Equation of the Curve, 
ve may get the Value of & ex preſo d in Terms 
that will be all affected wail which there- 


fore being multiplied by 7 Z will give the Sub- 


tangent CT in definitive or known Terms | 
freed from Flaxions; by. which the ſought 
Tom BT to a N Point e 


3 


45 Note, When 5 x and jure Negative to each 
other, (Ar. 16. di the Sener Expredlion (= for 


the Sabtangent,will be-. "which ſhews that 


ir ken on the other fide of the Odinate, with | 
regard to the Abſeiſſas *: For tho“. — — may 


be, and really is'a bete alg bet y 
Vet it may alſo repreſent a geometricak Quan- 
. tity, which ls always affirmative; and as every 
Subtangent is in its own Nature poſitive; there- 
fore the negative Sign (either in the general or 
. definitive — _ ſhews where we 


Ws 
« 


muſt 


Dorum of Fruxions. 435 
muſt look for the Subtangent; that is, whe« 3 kg 

ther x the Abſcifs, or ſome Part of it be (as in 

the Affirmative it always is,) or be not (as in 

the Negative it never is,) J in the Ex- | 
preſſion for the Subtangent, | 


| There are other Methods * 3 Tan- 
gents, but this is * moſt n e 


2 


EXAMPLE . 


. 7- To 0 draw a T; angent to. a Circle, 


T ACE. D - 


— 


Put the Abſeiſs A 2 Ordinate C B, 
* E A or ED; then CD=2r 
Now by the Property of Circles AC x 
CB, i. e. 2rx—x* and this E- 


. lid put into Floxions i is 27 —a = . 
4 which divided by: 27—2x gives a 
Ty rmx 

tf 25 pry this makipled by e. 35) « 
wh ee e 


don 


ſion 5 85 e 8 gives the Subrangent 


. — nn noone, Tikes Lo rs fn 5s | \ - | \ 
- * * — 
9 K 
w 9 2 2 1 4 * ps a 1 2 * 
5 2 — — * bs wo r — _ * _ * * a 8 — po — — - 
* 3 5 — — — —ͤ = oo” 
5 F ˙ ag TR pg ge 9 8 — — - — — 5 7 D 
4 . - & —— N 8 — > D : — 
OR. 27-5 1 ˙ R SOD: 2 is | . 
. — — 
— ; ; 
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CT 2 wet: I (by putting 27. 


T— 


ab ax. ; EF 

WC 
Wherefore if the Diſtance x ſignified by this Ex- 
preſſion be ſet off from the Point C in the Di- 
meter D A produced, we ſhall have the Point 
T to which the Tanten ny by drawn, 


N. B. The Seba above. may be found 
otherwiſe, by the Similarity of Triangles only : 
For the ZE B T being a right one, the right 
angled Triangles ECB and B C T will be Si- 
milar, and therefore EC: CB:: BC: CT= 
CB | ; 

EC 


ENA II. 


3 8. To 8 4 75 angent 7 fo the aue, or 
common Parabola. 


| Suppoſe F to be the Focus; and PR the 
Parameter, which put 43 alſo, put the Ab- 
ſeiſſa A C x, and ordinate CB=y; B being 
the Point to which the Tangent T B is re- 
| quired to be drawn. Then, as is well known, 

by the Nature of the Curve PR x AC= = CB, 
that is, _— Now by putting both Sides 
of 


this Equation-into Fluxions, we ſhall have as 
==2y , therefore a X== _ Which ſubſtituted for 


x, gives the general Expreſſion for the Sub- 
— CT, viz. * (e. At. 35+ _— — 


(by ſubſtituting for Cy » its equa]. al FEY g 


_ = 2X. Wheoce:i it appears, that the Sub- 


tangent CT double ihe Abſciſſa A C, and 
conſequently. ATis=AC. _ 

39; But to draw Tangents to all Sorts of 
Parabolas univerſally; let the Abſciſſa ='x, 
ordinate = y, and the Parameter = 1. Then 
the Equation will be x=2", and in! Fluxions 


en * 


. 8 Which ſubſtituted for x gives the 
91 i} * ; Sub- 


3 


OTA HAIS 


_ & . my ,- 9 ache 
9 2 * — 8 * 
n * * * . . 
7 * 
* 9 * "eo _- y - : 
4 n 
* * 3 Pu 
I 5 — 2 A 
— 3 * po '% 2 „ „ 


0 | Ar Eren verena 


Subungent © | = = my" = = (by putting for yi its 


wil) mx, fo that when m= 25 K will be — 


z e 

f R x — þ 

: » . . — 
k 1 


8 XAM PL * II. 
5. 2 o draw a Ti yy to an lips 


X 2 : Pr 4 . 
"= 54. 24610 
: Dj: 
12 52 wy N 4 vs 
1 4 3 12. * 
; o F | ? 4 
. ks * n * 5 
i wn, £% # ; 
Aus 4d 101 eff Wins; 50 dig 


Fut ae Diametor ADI Con- 

_ NOS c, Ahſciſſa AC= x, and ordi- 
nate CB =. "Now," by the Natur e of the 
Curve XE O 3:40 %CD-z EB} 


i. 6. 8. 2. daga Se, * and 


bf TA — foe 


| nailT 1 — 15 — * 
this divided b — e ir 1 
901 22713 * 525 936171 id £3: HELL N e 


0 | | Which 


ns 


. 


" 7 
— 
* p 


5. 
{—=2Cx 


{1.2 


* 


che Subtangent 


N 


preſſion for 


* 
® 
ES . 
SE J 3. 1 [I 
0 general 
* - 
t. 35), 
£ 
2 
= #® F 
————— — — 
—— 
© 2a rus vs 
Xx — 


T= 


3 
Is 


* 
** 


11 
2 


20 


20 


* o 


ry* 1 


* 


ge 
Ing 75 


7 
wk 
4 


1) 


ve 
# + SA 
v 
JU 
7 
6 ; 1 
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Whence we 


s 


« 


tx fo 


7 
4 


* 
* 


>F" 
4K 


. 


* 


y 


ma 


0 


2X - 


14 


; 2x 2*ͤ Fs 


obſerve that 


a4 


, Ts 5 4. . oY 
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- 
oy 
4 S% 
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*% 
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Hyperbola 


. 
an 


= 


Subtangent which falls 


chat Part of the 


— 
— 


” 
* 


it to 


draw a Tangen 


2 - 
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- 
4 
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E x AMF L E 
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Put the tranſverſe Diameter D A — Con- 
jugate NO c, Abſciſſa Ac x, and Ordinate 


CB=y.. Now, by the Nature of the * 


as DAY : NI. :: ::DCxAC: CE *, 
: * 2 2 2 7＋ Xx 7 * 3 1 by. put- 
8 ting both Sides of this Equation of the Curve 


2 


Es —  —— ___ 
Into Fluxions we ſhall have * * 


i af? 
* th "therefore, by Diviſion * == 77 2 — 


Which abdited for x in 7 or multiplied by 


+ (Art. 3 5) gives the Subtangent CT = 


= of 
—_ 4 


ym by writing for * its equal 


f TITTEN. 18) = e So that, AT, that 


Pr of the Subtangent without the Curve, is 
Tax“ .- on 


— 
"tas -* 2x | 


EXAMPLE V. 


42. To draw a Tangent to an Hypertola be- 


tween its Aſſymptotes ; that is, — ene of 1 zts 


Aſymprotes fer an Axis. 
Let 


— 2 
p * * 1 4 


88% 


Let EG and ET be the Aſſymptotes 
of the Hyperbola H AB, whoſe Vertex 

| is A, draw AP and BC parallel to the 
Aſſymptote EG: then will AP be the Para- 
meter, and equal to PE, which put ; EC 
an Abſciſs, which put = x; and CB an 
Ordinate, which put . Now, becauſe when 
x increaſes, y decreaſes, x andy are Negative 
to each other, and 15 Ae Expreſſion for 


the ubtangent is — —n which ſhews that the 
Point 'T lies on the other Side of the Ordinate 


perky of Up Curve EC: EE:: PA: CB. Wee: 
* 24: e . NES which 1 in Fiat = 


— 4 


if ; 
its 


* f 


et 


CB with regard to E (Art. 36.) By the pro- 


ot and this ſbititaed 5 1 * in EP grate e 
2 8 8 mu 2 abe = 


2 * * * YE — 
— 5 — — — _— 
_— — — -— _ 
r TS _— 
* — — * * _— 
— ee — . 4 0 


- * ” 4 . _ = = 4 8 
4. — . p It 
— 3 1 — * * W Hern 7 - : p « 
lh, 5 — — x 8 2; N. ** 2 - =. rg. GAR? - 2.4 Fr 1 
— PX * f i f v — r 9 
A — r - — r 1 — 
Rr wh — BY; — rms — — Y —— 2 n 5 
* 7 ** " a ; s » — — — — Fu — — rr - — — 2 
re 3 ge it ec * — yy — = 22 l 
„ ** ann <i> — . — g — — 
er 26> IA * . = - r — . , Pare” — —- P TO__—— CORR ” 3 4 * 
— — i CI — — 8 — — 7. * - 1 — — — — 8 0 g 
Wn — TED S ML > * 12 12 N 5 9 * SL we of * — 
2 — 4 2 ay an” At FO ag ho HR re WV i 
= — 8 x = — = * 
: ;—— — — » 5 . : p 7 
r n 2 2 n * 4 7 = 
J a” x7 %-"\ As — C4 Fea Sor: ove, 2 - 
* — Tx 


Pin 
— br xo - 
. . 
n 
— de AS 
_— 
A #5 


* 
Famed 


— —— 
— 


3%. An InTzopUeTION #6 be 
Subtangent 0 To = E ( wy | —_ | 
Y for 4˙ * . ſo that C T muſt be equal 
to COE. Fg 


ExaAMPLE VL. 


43. Todraw 4 7. W to the Cmebvid f 
Nicomedes 4 


LEARY 
8 2 


7 
5 


Let Fr the > a BE on the Af, 
1 D E and draw B C equal and parallel 
to ED. Put P D DA=b=FB, D C= 


e CB=3=DE. Then by 47 E. 1. 


FB] EF, i. e. - HE F. But 
dhe e CE B and BEF are Similar, therefore 
BE; EF: PC: CB, i. e. «: . 


JC C 
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＋ * : y= — * which is the Equa- 


tion of the Core: and LOS in Fluxions 2 


— —* * which ſubſtituted for j in — -2, 


& x RY 


the general Expreſſion for the Subtangent 


when x and y are Negative to each other 
(As: 36. ) gives the Subtangent CT — 
E 75 Er 5 | by ſubſtituting for y its 
equal 1 in the above Equation of the Curve, TER 
—.— x A xx* d N 
ab xa. * a 


_ © This Cures Þ thas eee l Socks an 
Point P, which is called the Pole of the Con- 
choid, let any Number of right Lines PA, PB, 
be drawn cutting the right Line DE, which 
is an Aſſymptote to the Curve; and let the 
Diſtances D A, EB, be made equal to each 

other, and a Line drawn thro' the Points A, B; 
then will this Line be a Curve, dame by its 
Ioventor Nicomedes, a Conchoid. 


Ex- 


» of 


3 
„ 
1 
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Fi 


44. To Far 4 Tinget 70 the be Gp of 
Diocles'* . 


1 „ 
| . i G— 
" — l $5 
bi 2 ; ; 9 : ; | 
\ (a TY: : ; 
i | * 1 : : 
| | | F4 FT : : : 
' ; | 2 — : 4 I oe 
-B : Lon” „5 | 7 7 2 7 : ; 
. | i ; C . = ib 0 
1 | ( Fa ; | / * : > | 
: So 3 » <q © of 4 ; ; 
| | 5 4 * * : : ; 
1 i 5 2 * 9 | f 
255 2 : | 4 8 
AZ 1 JE 
8 


Let ABD * * Ciffoid, * generzting 
Circle is A F E and Aſſymptote E G. Put the 
Diameter A Ea, Abſciſs A C==x, and Or- 

dinate CB. Now by the Nature of the 
Curve d4C: CA:: AC: CB (For ſince by 
the Generation of the- Curve, the Arches E & 

and A d muſt be equal, therefore 5 b C and 
hE=CA ; and becauſe the Hs bh A and 
BCA are alike, therefore Ab:bb::AC: 
CB; but by the Property of Circles Ab:bb 
2 bh: 5E b: BE; Ac: CB, i. e. 40 
. 
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: CA:: AC: CB,) or, becauſe C Ea—x, 
and ACxCE a i==Cd, as d 
* 11 : x*=) x ax—x7Þ and by ſquar- 
ing both Sides of this Equation & S 
x*y*, and this divided by x gives x "= . 
In Fluxions it is 3x*X==2ayj — xy '— 259); 
then tranſpoſe and divide and it will be & 
2 — 2.9 
* 


gaben CT N 4. 33 * 


2a 2. 


N 
x* \ 20X=—2x* 


— . Whence we may via 
a—x } 34—2x 


that AT, the difference between the Abſcifla 
ACand Subtangent TC, i= "OL," 


Z 2 


* This Curve is thus generated. Let A5E 
be a Circle, whoſe Diameter is AE; and 
make any Arches E a, Eb, and Ac, Ad, e- 
qual to one another; and thro” the Points a, 
b, d, c, let right Lines be drawn Perpendicular 


to A ; and tranſverſe Lines from the Point. 


A; then, from A, thro' the Points of Inter- 
ſection e, B, D, &c. draw a Line Ae BD &c. 


which InbCitoted 1 x * the 


= (by ſubAlitutig for y, its equal 


EY 
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WW 9 — . 2 2 
5 r 5 1 r — — < 2 2 : 
2 Seed n 3 5 
* _— > AS If © 2 


i rot 


Ce” 


- 


86 ne een to * 
and it will be a Curve, © called Fs its Inventor 


_ ** 
3 VIII. had. 
ry 5 To draw aT. ! to the Gel ., 


. 8 e F 


Pur E A the Radius of the 8 Circle 
Da, Abſciſs A C x, Ordinate CB =y, CG 
==, and the Arch AG = 2. Now by the 
Nature of the Curve C B= CG, that is, 


=. (For, when the generating Circle 


AG is in the Poſition BLK, the Arch BL, 
or GF muſt be equal to LD; and L K, Be, 
or GA=LF, or n C; but Cn GB; there- 
| fore. GA GB and therefore Kc.) and this 


Let 


8 nation put into Fluxions gives j = +5. 


* 


0 
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Let Gg gn=s, and nG=Cc=zxz; 


then, becauſe E G is Perpendicular to G g, the 
4s g Gn and E G C are equal, and therefore 
the right angled As g n G and G C E are alike; 
and conſequently gu: G:: EC: CG, that 
1 3 uw" of 4— |, * 

18, . co (XLS . 6 * * or 5 = 


mi N pt eennd 


. n : a 3 a . 
that is, 2: * 1 bt x" or Z= —* 


Now by ſubſtituting — . x and © + for? and & 


in the above Fluxion > the neee of the 
A 24 — 
Curve, we have j co IN * * 3 * 


therefore the Subtangent C T (=2 2 at, 3 5.) 


77 


= 5 Whence we mop 3 by An- 


20. — 


nalogy 22— : 5: 25 W l . FC: 0: 

BC: CT; but by the Property of Circles FC 
: CF? : GC; CA GC: CA:: BC: CT; 

conſequently the As G CA, and BCT are a- 
like, and BT; Is parallel to G A. 


* This Curve is thus generated. Let a Cir- 


cle, or Wheel, roll along upon a right Line, 


1 =... 
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until it perform one Revolution, that is, until 


it meaſure out a right Line equal to its Circum- 
ference; then that Point in the Circle which 


firſt touched the right Line, will deſeribe * | 


Curve called a Fo, . 


"EXAMPLE IX. 


46. To draw a Ti angent to the Ppadrathis of 
Dinoſtratus *, 


"og 


DF 
1 


.. 
- 


1 Boos 22215 


o 
y at's . 


i 

e o 
. 45 
. 1 "hare F 


5 E P. the Radius of the generating Qua- 
drant 4; EA the Baſe of the Quadratrix = 
33 Quadrantal Arch FD=c; Abſcifs A C 
*; Ordinate CB=y; Arch FG=sz ; and 
the Sine GH =s, Now, by the Nature of 
the Curve, as Arch FD: Rad. DE : : Arch 
FG: Ordinate B C (which! is evident from the 
ge of the Curve, ) that is, c: 4: : 2.) 


© =*,* a3=cy and z= i in Fluxions 3 Z= 2 By 


Sim. 
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- 


Sim. As BC: CE:: GH: HE, e): 1 


* 1:5: = HE. Fat gÞ be conceived. | 

indefinitely near and ple to GH and Gn 

equal and parallel to Hb, i. e. let 1g and 
—2', then will the As EH G and gn G 


be alike, and therefore HE: EG:: g: g G, 


33 c * 
e 135 122 2 oy oe De (Are. 3.) 
as asy 


which gives i= _— 7 Now by 47 E. 1. 
EC 17 BY BE. 1. e. -A. PUBBE, 


and by Sim. As EB: BC :: EG: GH, 1. e. 


2 *. en 


D in Fluxions S = 


55 IF 


N , bxay—xxa „ 
oj x b— My == 


| a5 x b— A" + biay—x3ay 


e 55 = (becauſe f by the 


| above 18 =) « 250 2 and this Equation, by 


1 2 Multi- 


60 An a * 
Multiplication and Tranſpoſition, gives 4 K* 


— "xx=broj—coxy x bx f. - bl X 
e and this divided by b—x gives a 


ci). x bo + y* — x bz. (or by ſubſti- | 


tutin for « in boye wlug 2 4 
f S 
K „n; But, by a Pro- 


perty of the Curve, as FD: DE:: EF: EA 
(for when the Arch F G is indefinitely ſmall, 
it will concide with, or be equal to its Sino 
G H, and one may be taken for the other; 
and then E A may be taken for E C, and EF 
for EH; and therefore then, by the above 
Nature of the Curve, as Quadrantal Arch FD : 
Rad, D E :: indefinitely fmall Sine G H: 
indef. ſmall Ordinate BC; but by Sim. As 
GH: BC:: (H E, i. e.) FF:(CE, 1. e.) EA 
conſeq, Arch FD: Rad. DE;: EF: E A,) 
i. e. as ct: : b be, and by ſubſti- 
| — bc for a* we have abcy X = acyy x 


b—s| bx +y*—abeyy x Fe and this Equation 
divided by acy 2 oy * 2 55 —x} + — 


7 
ſti for x _ the Subtangent er (= 


x} 


% 


Doctrine of FLuxions. 61 


F 


EC, which gives the following geometrical 
Conſtruction, vi. if B be the Point to which 
the Tangent is to be drawn, make E IE B, 


and EL=EA, and let the Semicircle LIT 


be drawn thro” the Points L and I, then T is 
the Point thro' which the Tangent mult paſs. 
For by the Property of Circles LE x — 


=(by Conſtruction) EB], i. e. EA x ECT CTC 


3 * —EC-+CT and =. — 1 
CT. 


' #® This Curve is thus generated. Let EFD 
be a Quadrant of a Circle, whoſe Radius ED 
divide into any Number of equal Parts (as Ea, 


de, ef, FD) and from the Points of Diviſion 


(d, e, f,) draw right Lines (dk, e m, fo,) paral- 
lel to each other and to the Radius E F: alſo 


divide the Arch F D into the ſame Number of 


equal Parts (F a, 4 G, Ge c D,) as you do the 
Radius ED, and to theſe Points of Diviſion (a, 
G, c,) draw Radii (Ea, EG, Ec,) from the 
Point or Center E; then a Line drawn from D 
thro' the Points af Interſection (r, B, t, &c.) 


will 
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will be the Curve called a | Quadratrix ; the 
Invention of which is imputed to 3 


Exanreie X: 


Fc W ir a Tangent to the exponential 
Curve DB, whoſe Eguati on ¶ putti ng. A C==x, 


CB, and a= 4 given Quantity) * ts ag. 
11 lber, 
fer deen, ne Ha 8 e 


Pur As the hyperbolic Logarithm of a, 
and Y = the hyperbolic Logarithm of y; then 
by the Nature of Logarithms xA = T, in 


Fluxions KA T= (ſer Art. 19 7 which 


divided by A gives #= 57 and this aba 


bor anc the Subtangent C T (= = Art 
35. © 7 "of Whence we may obſerve 


m4 


that, 


that, the Subtangent being : an invariable Quan- 


tity, the Curve DB is the Logarithmic NO | 


(fee Art. 70.) 


48. The Examples already given ws only 
of thoſe Curves, which are referred to an Axis, 
- or whoſe Ordinates are parallel to one another ; 
we ſhall now give a few Examples of Spirals, 
or thoſe whoſe Ordinates all iſſue from one and 
the fame Point: Where note the general Ex- 


preſſion for the Subtangent will be 51 as be- 
fore, as will be proved in the next Example. 


EXAMPLE XI. 


19 
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49. Let AG be any Curve whoſe Ordinates 


all iſſue from the fit Point C, and ſuppoſe its 


Tangent GN, eee N 2 and Ordinate 
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O #0 be given; and let there be another Curve, 
238 BD, whoſe Ordinates alſo iſſue from theſame 
Point C, and of ſuch a Nature, that A G ſball 


always be to C B as a to b, tis * to draw | 


the Tangent BT. 


N. B. The Subbengens: ant Ordinate to all 


4 Spiral, are aluays perpendicular to each other. 


Svrrosk Cg indefinitely near to c G, that 
is, let the G Cg be ſuppoſed indefinitely 
ſmall ; and with the Radii CB, CG, let the 
indefinitely ſmall concentric Arches Bn, Gm, 
be deſcribed ; which being conſidered as coin- 
ciding with Tangents to the Points u and , or 
as indefinitely ſmall right Lines Perpendicular 


to Cg, the As bnB, BCT, will be Similar, 


as will alſo the As gmG, G CN, the Curves 
BD and AG being alſo ſuppoſed to coincide 
with the Tangents T B and N G in the Points 
band g; as they very well may in the very 
firſt Moment of the Exiſtence of the Angle 
G Cg, or juſt as it begins to be. Put GN c, 


NC-, CG e, CB=y, AG., and . 


then n, and Gg =. Now bn: uB: 
BC: or, peg: & 2 55 or. ory : x 


1 


, . * 1 
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1251 _ .=C T, which 3 is a general ExpreC- 


ion for ths Subtangent of Spirals, or Curves 
referr'd to a fixt or central Point, and is the 
ſame as that before found for thoſe Curves 
which are referred to an Axis, Art. 35 85 
From the ſimilar Sectors or As CBM and 
CGM we have CB: B:: CG: Gn, i. e. 


ve: n. But by the ſim. As 
gnG and GCN we have GN: NC: : 2G 
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EXAMPLE XII. 


50. To draw 4 Tangent to tbe eee of 
Archimedes | *, 


Por the Circumference of the generating 


Circle Sa, and its Radius C A=; CB, 


Arch AIG=s, and BN x, Gg=—=2' (g be- 
ing ſuppoſed infinitely near to G, and BN a 
ſmall Arch concentric to Gg.) Now by the 

Nature of the Curve a:5::2:y or br ay, 


which 1 in Fluxions is bz=ay or $= 2. But 


by the ſimilar Sectors CB and CGg, as CB 


:Bn::CG:Gg, i. e. as y: x e, 


or Z= — . — =—> and this Equation re- 
| duced 
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ayy 


| ved gives & = == which ſubſtituted for * 


gives the Subtangent CT (== L Art. 48.) =_ 


7 = = - by ſubſtituting 5 z for 15 Value 425 ; 


which gives the following Conſtruction, viz. 


with the Ordinate C B, as a Radius deſcribe 


the circular Arch B D, and make C T perpen- 
dicular to CG and equal to the Arch BD; 
then will T be the Point thro' which the 
Tangent muſt paſs: For then the Sectors CGA 
and CBD will be Similar and conſeq. CG ; 


G A:: C B: BD, i. e. 5: 2 :: B D. 


N. B. The above Expreſſion for the Sub- 
tangent may be inferred from that in Art. 49. 
for if in that Article, the Curve AG be an 
Arch of a Circle, the Tangent G N and Sub- 
tangent NC will both be infinite (ſince the 
Tangent to a Circle is perpendicular to the 
Radius, and conſeq. C G being the Radius, 
GN and NC will be parallel ;) and @ denote 
the Circumference, and b the Radius of that 
Circle ; and therefore 6 and e will be equal; 
and ſubſtituting 5 for e and ſtriking c and d out 
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of br the re. for the Subtangent ; 


we Dag have © . = =the Subtangent as above, 

This Garee. i is thus venerated. With the 
Radius C A, let the Circle A GA be deſcrib- 
ed with | an equable Motion, - or,” the Point A 
deſcribe equal Arches in equal Times ; and at 
the ſame Moment of Time that the "Point A 
begins to generate-the Circle, let another Point 
be conceived to begin to move along the Ra- 
dius CA from C towards A, and to paſs over 
it with an uniform Motion, and ſuch Velocity 
that it may arrive at A at the very ſame Mo- 
ment of Time that the Radius C A ſhall have 


deſcribed the Circle, or come to be in its firſt 


Situation ; Then will the Point moving along 
the Radius CA, generate, or deſcribe, the 
Curve CBA called a Spiral, which Name 


Was given to it 45 its e Archimedes. 


g aol 


1 


*. W ach „ - a 11. oa. . an 3 


CHAP. v. 


Of finding the Points of In flefti on or N 


Flexure 1 in Curves. 


e we have had no Occaſion to 


make uſe of ſecond Fluxions, and there 
fore Hhave not treated of them : But here we 
ſhall ſay ſomething coneerning them, as they 
will be uſed in this, and the following. Chapter. | 


51. Ix all bach Equations,: it is proper 


that ſome one of the variable Quantities be ſup- 
poſed to encreaſe uniformly, with which the 
others may be always compared; which 
Quantity will therefore have no ſecond Fluxi- 


on, that is, the firſt Fluxion of it will be in- 
variable. Now the Reaſon of this is plain; for 


if we only know in general, that two or more 
Bodies, are carried over unequal Spaces in un- 
equal Times, no Inference can from thence be 


drawn, with regard to the Equality or Inequa- 


lity of their Velocities; but if the Spaces paſs'd_ 


over, are compared with the Times in which 


the Bodies were moving, we ſhall then obtain 
the Ratio of the Velocities of the moving Bo- 
dies: Now in Order to this Compariſon, there 


* neceſſarily be ſome Standard which is the 
common 
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"wo As InTropucTION ro be 
common Meaſure of the Times the Bodies 


were in Motion; the ſame as, in the Compa- 
riſon of two or more Magnitudes, there muſt 


be always ſome Quantity, which is the com- 
mon Meaſure of all. And, in Curves, when 


we make the Fluxion of any flowing Quantity, 
as the Abſciſs for Inſtance, invariable; it is, in 
Effect, no more than taking equal Portions of 


it, chat we may thereby determine the Fluxi- 
ons of the other variable Quantities, or the 
Proportions with which they flow. 


52. In finding the ſecond Fluxion of any E- 
quation, all the variable Quantities and Fhuxi- 
ons, mult. be. conſidered as diſtinct Fluents, 


and fluxed accordingly, by the Rules laid 
down in Chap. 2. Thus the Fluxion of the E- 


quation 2y=ax, by Art. g. will be 9 +2j= 
ax, but as we my aſſume either x or y as in- 


variable, by making x ſo, it will be 2+ 2j= 


©, becauſe &, and conſequently ax, is +0, or 


if we make ) invariable, it will he 2y==ax, be- 


cauſe then J and e eee 25 will be =0. 


Again the Fluxion of — — +2 = =), if we 


make 5 iovariable or 7 ©, will be 


aa - 2. e Ea 
— 42 =j=0, that is, 


** 
aN 


a 


„ 1 


a f FLUXIONS. „ 
E Lee, ra 


_—— = +L N The third or 


forth Fluxions, &c. are found in the fame N 
Manner, due regard being had to ſuch Fluxi- Ii] 
ons as are ſuppoſed invariable. . 
53. When a Curve from being Concave 11 if 
beeomes Convex towards its Axis, or from be- i 
ing Convex becomes Concave, that Point where e 
the Change is made, or that which ſeparates Hit 1 
the Convex from the Concave Part, is called 11 | 
the Point of Inflection, or contrary Flexure; e 
or, the Point of Inflection is that, to which a | } Wh & | 
Tangent being drawn, cuts the Curve. n 
„ In the Curve ABD, ſupppoſe B to * "A 1 i 
the Point of Inflection; then, becauſe AB is 1 1 | 
| | WE S140 
It 
Concave and BD . towards the Axis Ms 


AX, is it evident, that the indefinitely ſmall 
Increment of the Curve at the faid Point B, will 
be neither Concave nor Convex, that is, will 
be a right Line; and dea during this In- 

| | crement 


* = 

2 CE . on 
C 
ou "Ix; - Wh 7 
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crement the Tangent at B will geaQtly concide 


with the Curve, or the Ordinate wall flow on 
each Side of the Point B with an equable o or u- 
niform Motion, the Abſciſs being ſuppoſed to 
flo ſo too, it follows, that the Ordinate will 


by flowing along that Increment, have no 


variation of Increaſe, or its ſecond Fluxion will 


be So. Or, becauſe when the Abſciſs flows 


on with an uniform Motion, the Ordinate 


flows with a retarded Motion, when the Curve 


is Concave towards the Abſciſs, and with an 
accelerated Motion when it is Convex, there- 
fore at the Point of I uftection, where the Curve 
is neither Concave nor Convex the Ordinate 


muſt flow, with neither a retarded nor accele- 
rated, but, with an uniform Motion, and con- 


ſequently its ſecond Fluxion muſt be equal to 
Nothing. Therefore, 

55. Pur the Equation of RY given Curve 
(where A Cx and C B=y) into Fluxions, 
and find the Value of & or /; and put this 
Value of & or y into Fluxions again, and make 


both & and j o; expunge the reſt of the 


fluxional Quantities, by the help of the Fluxi- 
on of the Equation of the Curve; and you will 
have the Point of Inflection ſou ought, deter- 
mined. 


"gh Nete When the Curve is rt Concave 
towards 


r 
1 * 


* the Axis, as in the laſt Figure, it is 
evident, if B be the Point of Inflection, and 
BT a Tangent to it, that AT the Difference 


Maximum : and when the Curve is firſt Con- 
vex towards the Axis, as in the annexed Fi- 
gure, it is evident, that AT the Difference be- 


tween the Abſciſs and Subtangent will be alſo 


a Maximum. Wherefore the Point of Inflec- 
tion may be determined without the help of 
ſecond Fluxions, by- firſt finding a definitive 
Expreſſion for the Subtangent, by Chap. 3. and 
the Difference between that and the Abſciſs, 
and then making the Fluxion of this Differ- 


ence equal to Nothing. This we thall illuſtrate 
in the — Example. 


EAM YER I. 


357. To find the Point of Infection i in the d- 
choid of Nicomedes, or, the Point where it be- 
| 12 — to be Convex towards the Afſymptote 2 E. 
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between the Subtangent and Abſciſs will be a 
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N. B. At A the Curve is Concave towards 
DE; but it cannot poſſibly continue ſo long; 
for, if it did, the farther it proceeded the more 
it would incline or tend towards the ſaid Line, 
and ſo interſect it; whereas in fact, the farther 
it proceeds, the leſs it tends towards the ſaid 
Line: Conſequently the Curve muſt have a 
Point of Inflection. 


"1 Pur PD, DA, Aſn and CB 
: . then by Art. 43. the Fluxion of the E- 


Sa ⁰ x—x*x 


quation of the Curve will be 5 * D 
* == 


Suppoſe B to be the Point of Inflection, then 
the Fluxion of this again, (becauſe & being 
ſuppoſed to flow with an equable Motion, the 


ſecond F luxions of x and * will be o 
1 


the 
out 
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Her. * _ Fax * —— 


* * 1 err 


2 72 | 
A = HD NG 2 
7 3 91989 — 
* = Yn 


which multiplied by x N -& I and divided by 
boxt gives Oh -g -&, or x*+3ax* 
2a Do, by which x and conſequently the 
Point B may be determined: And if a = it 
will be x ＋-3ax — 24 o, which divided by 
«+a gives & 2 -g , or x*+20x= 
245, and by ſolving the Quadratic x=3aVi—4g. 

Or, becauſe the a C * . Art. 43.) 


Fo atx> * Z ** ED 


| therefore AT (= CT—CA) = i 5 = 
— b+x =a 1 (- Art. 56 J which 
thrown into Fluxions is 


zar L +26* — 7 275 + * 
2b ＋ & 
—:2X*X x Ab x—ax* ＋ x — 
2 a O Ab ᷑ E K * = 9 
then multiply by es and ſtrike 
out the contradictory Terms, and it will # 
2a 15 —45 ee ebe. abe 


L 2 1 * 


76 An INTRODUCTION to the 
So, which OO HL gives * 
5 F3 3ax*%—245*==0, as before. 

We may obſerve here the ftric ent 
in theſe two Methods of Solution ; fince, tho' 
the Premiſſes are widely different, yet the Con- 
cluſions are exactly the ſame: And indeed, in 
all fluxional Operations, where the Thing 
ſought may be obtained by different Method, 
of reaſoning, theſe Methods do never ſerve. to 
give us different Expreſſions of one and the 
ſame Value, but always the very ſame Expreſ- 
ſion; unleſs in ſome Caſes where there is any 
Ambiguity in the Algebraic Open, * 


Exanery * 


= To find the Point of TufleeSion'i in gp in- 


feed Cycliid , the Circumference of whoſe 
e 3 16 to its TE: as * to '$: 


Pur the l Semicircle AG F-. 
Baſe FD, Radius E A or E F=r,” Abſciſs 
AC 


Docrums of S hk 


AC==x, Ordinate C B, Arch AG=2, and 
Sine G Ces; and ſuppoſe B to be the Point of 

Inflection ſou ght. Now; by the Nature of the 
Curve 4: 150 * (8 B) y—s . ap=—as=bz, 


1 and the Fluxion of thi Ti: 


tion is i = —. Let the fluxionat Tilingle 


G gn and the Radu EG be drawn ; then 
will the "Triangles ECG and Gng be alike; 
(for Gg being conſidered as an indefinitely 
ſmall right Line coinciding with the Tangent 
to the Point G, the E Gg will be a right 
Angle, and therefore =2CEG+ZEGC, 
and the Z E GC being common, therefore 
CEO QA Gg and conſeq. the 4s GCE 
and Gng being tight, the- Z E G C= the 
£Ggn:) therefore, as 1G: ng :: EC: CG, 
or, & and £ being Negative to each other, as 


„ but by the 
Property of the Circle G —— , . . 


e 2rx—x*|* which erw for 5 gives a 
1 & X * 


D 57 By gp Bux 1. . 7 | Ce. by 


Pa | — — x X 
:; * 2; A : 12 


rx 


anne or $ its Ts < Ea 
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— 0 — — _ —— - e 
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S 
Whence 3 (=#+ = _— — 
ere 3 
En or AC this 
put into Fluxions, ſuppoſing x to flow with an 
_ uniform Motion, or & and j=o, (Art. 54. ) is 
brx—ar*—br* , 


o e , conſequently bre—ar' 
Ate. ed hae! Hr one r 42 and 


* 


| E C ( -r) gr. which gives the Point 


C; from which a rai Ordinate being 
drawn, will fall on the Point of Inflection: 
And this is an univerſal 8 8 for all in- 


flected Cycloids, when 2 7 expects the Ratio 


of the Circumference of the Eneratng Circle 
to the Baſe of the Cycloid, 


* See how. this Curve may be | generated, 
Chap. 14. oo 7. 


Ex AMT IA III. 


59. To ind the Point of Infleion - Bi in the 
Curve ABD, whoſe Equation (putting A C 
x, C By, and a= 4 * Ryantity, is ax 


Sex. . 
: H 


Tur Equation of the Curve put into Fluxi- 
ons is 24 T2 , N 7 


24 X 2 


DID 55 e. by ſubſtituting 2 —— for its 


24*xXx | * 

Value y) = e and the Fluxion of this 
again, making & and nd j=0, 5 0 =2 
24 CS 2 TR — LAN L X 24  thiref, 
20%** x a*þ xt Fs 4a T x 20 & KO 
and by dividing by 24 *, we ſhall have x x 
4 Y TA -A o, therefore 4. - 
4 KN x A FN, and this Equation di- 
vided by xc fa & gives 4x*=a*+x* by tranſ- 
poſition 3u . X a and æ = and 
if this be ſubſtituted for x in the Equation of 
the Curve, we ſhall have y or the Ordinate at 
the Point of Inflection = <4. 

If it were required to find the Aſſymptote of 
this Curve, we need caly 1 the Abſciſs 


and 


8 An InTRODUCTION- 0 the 


and Curve to be indefinitely extended; and 
then becauſe x* will be indefinitely near to E- 
quality with & , we ſhall have 95 which 
23 

a Fa > K* 
indefinitely near to Equality with the given 
right Line @, that is y, will then be = @ leſs a 
Quantity indefinitely ſmall; Wherefore if a 
night Line, to the Diſtance of the given right 
Line a, be drawn parallel to the Diameter AE 
it will 88 the 2 ä | 


by the Equation of the Curve is =@ x ——— 


CH. A r. VI. 
N. fling the Radius of Curvature in de 
A S the Curvature or Convexity. of all 


Curves, but Circles, varics in every 


Point ; therefore, if Circles are drawn to con- 
cide with the given Curve in any Number of 


Points, or, which is the ſame, fo that the 


Tangents to the Circles may concide with the 
Tangents t to the Curve, the Radii of theſe Cir- 
cles will be different: And the finding of theſe 
-Radii is the Bufineſs of this Chapter. 

And becauſe all Curves are formed, or may 
be formed, or generated, by the Evolution or 
l OT off of ſome * Curves; therefore 
i the 


* 
Wo 2 8 
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the Cubes of theſe Circles which coincide; 
and conſequently have an equal Curvature with 
the different Points, or rather Increments, of 
theſe Curves, will be cantinually in the Curves 
to be unwound ; which Curves are called the 
Evolutes, and. the others formed or generated; 
or conceived to be generated, * their Evolu- 
_ are called the Involutes, | 


61. To make this plainer: Let DEF be 
any Curve, round which conceive a Thread 
to be wound and extended beyond the Curve 
D in a right Line to A: Let this Thread be e- 
volved, or wound off, from the Curve DE, 
ſo that it be continually ſtretehed at its full 
Length as it leaves the Curve; then will the 
Point A generate, or deſcribe the involute 
Curve ABG: and AD, BE, G E, will be 
the Radii of Cyrvature at the Points A,B,G, 
M  reſpetively ; 
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reſpectively. From this Definition, we may 
draw . following 15 


CoroLLARIES, 


31. The Radius of Evolution or 3 
BE. will be always equal to the Length of the 


Curve DE; and the right Line AD; and 
conſequently, if the vertical Diſtance or ſhort- 
eſt Radius AD vaniſh, 7. e. if the Radius at A 
be nothing ; then the involute Curve will begin 
at D and ſo the Curve DE will be equal to the 
Radius of Evolution or Curvature at the Point B. 
2. Becauſe the Radius of a Circle is perpen- 
dicular to the Tangent, the Radius of Curva- 
ture at any Point B is always perpendieular to 
a 'Tangent to the Curve at that Point, 


3. The fame Radius BE, which is pe- 


k pendicular to the Involute at the Point B, is 
alſo a Tangent to the Evolute at the Point E. 


62. To deduce a 8 Eapreſiun for B E, 
the Radius of Evolution or Curvature, for any 
Point B of. the involute Curve ABG, whoſe 
| Aris 15 AR, and Evnlate DE. 


4 Por the Abſciſs AC x, Ordinate C B=y; | 
cave bE indefinitely near to BE, bc inde- 

| finitely near and parallel to BC, and Bm pa- 
rallel to AX, f. e. let Cc or Bx, and 
: | .N * * 3 3 


DN 8 880 Hs 


Dorne of FLUX1oNs. _ 9 


ſu * ns by 47 R; 1 B32 Poo 
Now becauſe EB is perpendicular to a Tan- 
gent at the Point B, and B& is ſuppoſed to 


coincide with that Tangent, the Triangles 
Bub and BCH are Similar (For E B 


C Bu, and therefore, the (E Bu being com- 
mon, the Angles 2 Bb and C BH are equal 
4Bbn= BC H, ergo, &c.) and the 2 Bm 
being right, the Triangles 1b and b n B are 
ſimilar alſo, as are likewiſe therefore the Tri- 
angles bum and BCH. W Bn: nb 


y 


1 25 CH. i. e. . 9 7. =CH:: 
And therefore ( by 47 — 1. by BH= 


ccc eee 


A. . Again Bn ab: : bn: mm 


M2 | 1. e. 
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12 
| f. 6. x! * 25 — — +2. 


' Now becauſe the Direction of the Curve ABG 
approaches continually nearer to a Paralleliſm 
with the Axis AX; if we ſuppoſe the Ab- 
ſciſs (x) to flow with an equable or uniform 
Motion; that is, ſuppoſing x” or & to be in- 
variable; it is plain that the Increment of the 
Ordinate ()) or the Velocity, with which it 
flows, muſt continually decreaſe ; and there- 
fore the Increment. or Fluxion of this Incre- 
ment, or the ſecond Increment of y, will be 
Negative. Therefore Hh, the Increment of 


A H, vi. the Increment of wb or 2 will be "4 
* XZ. Now the Triangles EBm and 


and E 'H m are Saile as is evident; ; there- 
fore WITT} B m: Ben E= 9 B H: 


17 


* 42 ; 
BB, i. e. . — 2 z 4 N 85 


e or, een the Fluxion 


Te as 1 ( . J B E= =o | 


63. Note, If x flaw with an uniform and y 
with an eccelerated Motion, 1. e. if x be inva- 
| ile, 


DocrxIxg of FLuxions. 83 
riable, as above, and the Fluxion of y affirma- 
tive (as it will be when the Curve is Convex 
towards its Axis) the general Ex preſſion for 


BE, che Radius of Curvature, will be Sy 


64. Hence, becauſe we may ſubſtitute 1 for 
any invariable Fluxion, if we put i, the 
general Expreſſion for BE the Radius of Cur- 
vature will be = — | 


when the Fluxion of 


ry is Negative, or 4 Curve is Concave to- 


wards its Axis; and = 1450 when the 


Fluxion of y is Affirmative, FE the Curve is 
Convex towards its Axis. Wherefore, if we 
put the Equation of the given Curve, which 
expreſſes the Relation between the Abſciſs and 
Ordinate into Fluxions, making & I; and 
put this fluxional Equation into Fluxions again, 
ſtill ſubſtituting 1 for x, and making the Fluxi- 
on of 5 Negative when the Curve is Concave, 
and Affirmative when Convex towards its Axis, 
the Values of the Second and Square of the 
Firſt Fluxion of y may be had or determined; 
which therefore being ſubſtituted for them in 
one of theſe general Expreſſions, vis. in the 
firſt, when * luxion of 7 is Negative, and i in | 
" the 


k 


$86 A TInrtrxopuctiON. to the | 

the ſecond, when Affirmative, will give a de. 
finitive/ Expreflion for B E, or the Radius of 
| Curvature required. 2 


65. N. B. The ſhorteſt Radius, or Sat 
Diftznce AD may be obtained by. ſubſtituting 
the Values of & and y in the general Expreſſion 
for IR CH, which was found (Ari. 


62.) = 2; or (ubfitating x for x"and j fory') 


3 5 ; and then making x and y vaniſh i in the 


definitive Expreffion which will be then found: 
For the Expreſſion for CH being the ſame at 
whatever Point of the Curve B is taken, there- 
fore if it be taken at A where x and y vaniſh 
or become So, the Point C muſt of conſe- 


quence coincide with the Point A, and the 
Points E and H with D, ergo, &c. 


66. NM B. The ſubſtituting Unity, or 1, 


rather than any other Number, for an invaria- 


ble Fluxion, has no manner of Effect on the 
Working, otherwiſe than by making the O- 

| peration much leſs laborious ; and, in reality, 
it is no more than making Unity the Standard 
of the other Fluxions, or reducing the other 
; Floxions to a e qa with : We” 


"> 


ct 


a i: 


* 


Doerams of Foxtons, By 


Exams I. 


67. To find a defini "Ou Expreſſion for * 
Radius of Curvature BE (ſee the laſt Fig.) as 
alſo AD the Diſtance of the Vertices of the E- 
valute and Involute Curves ; ſuppoſing the 
involute Curve ABG to be the common or 851 
pollonian Parabola. 


Tur . of the common Parabola is 
ax—=y* (ſce Art. 38.) which in Fluxions is az 
==23y ; or, if "4 write 1 for &, it is 222; 

4 
therefore . 5 r for y is Sax i : by 
the Equation of the L : Now the Fluxion 
of this Equation again (the Curve being Con- 
cave towards its Axis, and therefore the Fluxi- 


on of x Negative) i is = whence 5 5 


. 


5 * _ = PEE —= 2 Now, ow 


- and J, we ſubſtituted theſe their Valucs, we 
ſhall have 17 5 , the —ͤ— Expreſſion for 


the Radius of Curvature B E (At. 64.) = 


- 


I + 


pf : _——- * 
be = —— 2 — 22 — 8 : 2 p . — bo * Ss. 
— 4 = I E — — : 8 1 B r 2 — — —— N 8 * T r > 
2 1 6 2 was — 5 2 = - > . —— 5 Er G 4 " N : _ 8 $f 1 — 
2 r rr . * * —— - 4 — —ů _ MY —.— * , I 213 2" » r n 8 a * 
A 9 2 7 4? — - 6 . —ů r — 1 * W = W r NS >. a 0 8 — 
. - . . —— GY Þ : n - — 53 - — * e — IEEE 6 — * ol l 
— _ _ 2 wein, wy — e 1 Es r : 2. — — — - 1 W 
* qo ow — - a 1 - LES 4 ry — " 1 — Ix — cans —— — V — — 4 9 n — - - 5 * = N22 * : 1 I 2007 c 3 * 
. 4 — n ** — 9 r — — — . 2 : $a ; n N ON Fenn ogy I K N A q A 
* . as — 1 — a" 4 4 — — ——— - - = ==" . — — : - . = 8 gs —_ 2 re . he 1 Dr - TY _ N Me Lge? A = "tp 5 * COS 8 \ 8 4 
2 DD 2 — FR andy ud * ; CA 3 be we ir Drag P r "* bop oe, J a” SES - == ns 2 : 4 5 e 
n old * 2 : 8 Oe Var 2 * R e ME a — 4 ; — \ * * „2 
DO 3 n e a * r 2 r 5 * 2 * — 
8 p _. TTY, WE EIA N ts EV wa — 2 a — —— -- eadan cd FR. 
n - r . 8 n N pn — —— — 
N * * * 0 —— IR — * 
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TC, 


+4 EI 


7 | 


the definitive W requied And by 


fabſticuting — 7 for j , in (7 Art. 6 5. or x be⸗ 


ing I 9 Y we have = — Or A D the vettical 


| Diſtance ; which ſame truth may be infer'd 


from the Expreſſion for BE, for when the 
Radius becomes the vertical Diſtance, that is, 
when the Point B coincides with A, x vaniſhes, 
and therefore ſtriking 49x out of the ſaid Ex- 


PLES 
| preſſion, we have Jar =16=AD as before, 


E 8 5 1. 


68. Let r expreſs the N of all 
Parabolas univerſally (ſee Art. 39.) to find the 


Radius of Evolution or Curvature, and vertical 


Diſtance ; as alſo the Conſequences on theſe three 
Suppoſitions reſpectively, viz, m==2, m more than 
2, mleſs than 2. 74 
Tux Fluxion of this Equation, widths s == 
1 ny =; and the Fluxion of this a- 
gain (ſuppoſing j Negative) i is MI x my" 

n 


— , which is 


1. 0 


. therefor 75 Lal 1 and 5 = | 


— ++ 


MIX 
Hp = ber FY 


and fon 
viding | both atlas wt Deoatizany by 


1 525 


1 
3 
theſe their Values, . we ſhall have the — 

as, K 
* 


v4.5 J. +” 
- 


= = (by writing for s its equal) 


7 by adi * * ny j 


wee r the Reding of Curvature 1 


2 | — 15 2 k 1 > 
. — | 
n 1—1 55 
. 


1—1 * * 


* 


quiet: And by ſubſtituting 28 for y in 


(2+, or, 4 being 10 9 Art. 65.) we 


have the Sub ormal = —=— In” I ns 
ubn —— * FR 


i. e. (if M==2 ) =L ==; if m be more than 


2, then 2— will be a negative Index, and 


* 


LS 
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— = =ihe Radius of Curvature re- 


N e 


a — — 


3 


* — eee 2 
— ” ve 
* * 3. << = * - . 
_ % 4 . b ” cl * 5 ,4 *. - 
bs þ ada? NN. Wl . — 
— 5 e * 3 n 
eo 
_ 
" em Ee EEO 
= ä — 2 ee 
- Fa, 
- — — 


- 


90 A. Bueno verzon Py, the 


.conſequently the proper Place of y will be in 
the Denominator, and therefore if y be made 


Ds, it will be infinite and equal to the vertical 1 
Diſtance: And laſtly, if m be leſs than 2, then A 
.2—m is a poſitive Index, and y's proper Place F 
is in the Numerator, as above, and therefore ; 

hen the Subnormal is = the vertical Diſtance, Ml - c 

or, 5 o, the fd vertical Diſtance wil be f 
nothing. | * 

, ExANMTIXR m. - 4 

* To find the Radius of Carvature in that © 

moſt beautiful mechanical Curve the Cycloid ; a; 2 

alſo the Diſtance of its Vertex from that of the 5 

| _ 5 
IND 2 

| (b 

ö 1 
# * 

N 255 A Fa „ E 
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pur OF or O Ka, AC=x, CB=FN 
y, Sine N G=s, Arch GF=z. Now by 
the Nature of the Curve ( ſee Art. 45.) the 
Arch K G GB and therefore the Arch 
F G=GN-þAC, or AC= Arch FG- GN. 
i. e. x = 2=—6,, or, (becauſe by the Property of 
Circles NG = KN x NF}, i, e. f. 

x= -.- N which i in ien, making N 


- 2 * * . 
NN - — +: EEE — 
* Li 4 8 ? * 28 I Ay n 
4 8 - %.. r 
. \ erty G JETS. n ASE LSD Fara" d 
— be A My — 3 2 EDGES 0 — — ET 2 
= * Nos "WF v4 7 8 4 7 * by * - * . R 
„ nr 2 Ger r * ; 
4 
& r 1 * 2 . L 7 
* * i \ 
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— — — — 
Cs SST TESTS IE bee 
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N « s 
b < a 1 Os a * J * * — 
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_ 
te Eluxion of $i Neguiv, ory . 25 
22 „ 
2. —.— ee 


7 ew 57 8 
(by ubſiuing for 95 its equal,) — 7 Ai Or 79 2 = 


: Now by abe 1 for 7 end 


for 55 we ſhall have, by Ars, 46 * = 
+ 


— An  Hernavcmion to . 


7 


\ 


| = 28 
wy BE the Radu 


of Curran required : Whenie, by Analogy 
BE : ach: ach: ay, that is, BE : 2ayÞ: : 

2 : 1, but FG (for by 47 E. 1. GN} 
11 G, and by the Property of Cir- 
des N = KN NF, therefore FO. 
KN x NF+N F\ =24— xJo+J:= gay and 
FC ANN ,) therefore B E GF: And as 
a Tas at, the Point B is parallel to the 
Chord K G, by Art. 45. and the Angle KGF 
is right, therefore, by Art. 61. Cor. 2. BE 
will be Parallel to the Chord G F.—By, Ar. 


6 bs. by ub tung __ 1 gi its equal Jin 


(2. or, & being = =1} I, we have CH = 


209—y K and by making , vaniſh it becomes 
==0,10 that the Vertices- of the evolute and 
involute Curves s coincide, — 


7 


ENA E IV. 


70. To find the Radius of EE: at any 
3 B of the Curve AD, whoſe Nature is 
_ that tbe 7 angle CBT, made of the Or- 

| dinate, 


L 


; Pu. *% =, 


di vate, n; 40 8 ubtangent, 15 akuays : 
oportional to the Ordinate C A ar, whoſe, 
Subtangent C T is 3 the ſame. r 
ty > ws $ 17 2 aue 133+. 9 21145; 32": $443 
' 15 95 CO a rtr 1 . n Vion 4; x: 


5 Por the given Subtangent or E GC= 
45 n then by Art. 35.7 . e. (er 


2 


eber * therefore j* 


* 


= rand, (becauſe here y flows with an ac- 
ederated _ or, its ſecond Fluxion i is Af 
; frmative,) 525 2 1. e. (by ſubſtiruting 7 2 for 5 j 


J 


its equal) 72 2 Non by Gubſtcaing for 
CCC . | 
FE and 5 theſe their Values in 2 == 4. 


— 


the Radius: of Curvature anke: where the 
negative Sine ſhews only that the Curve is 
Convex towards the Axis G E, and that there- 
fore the Rad ius of Evolution muſt lie on the 
other Side of the Curve. | 


Note, The above Curve is the nic 
Curve, whoſe Aſſymptote is E Q; ſo called, 


becauſe when the. ſaid Afſymptote i is divided 


into any Number of equal Parts, as in the 
Points G, T, C, B, the Ordinates to theſe 


Points will be in geometrical Progreſſion, i. e. 
8 T, GC, Sc. will be the Logarichms of the 


9 CB, Ge. 


| Ha v. 


71. To fnd the Rodiu of Curvature for any 


Point B of the Curve AD, whoſe Nature is 


fuch, that the Tangent BT is every where * 


to e e Line Me ; 
| Por G = cB=, then FIR 574 85 


15 


133 N - 


| 9 * 1. e. 4 . 
9 ö 


"% 


bſtituting 


ſu 


by 


75 4. E. 


iy | 
5 | * . 
a 


- 


* 4 


[4 


Now by writing for 5* and 5 theſe their Values 


Art. 64.) we ſhall have 


58 
EF 


— 


— 


«17 


* 


7 Tx 
a 


—— 


= (fee 


* 


OT 


y its equal, j= 


1 


in 


for 


— — — — — 
— = . ths of pd P'S — | l _ 
2 Eo ws > 
pogo ja \ SIE * wy + — 2 
— 2 o 7 — - 
— - . * - —— 4 4 = * * 
—_— 2 1 De * I 
* ; 
— — r 


8 
— _-_ 
— 


. . —_ 
- - rd 9 — FC oo 
% — Core Ee x wag. . pn > ARG Re ˙ ore Ls Ent 4 x 
y 0 2 8 Ly £ = « 
« — — = fs a 22 
: s — PL Ng O 
— 2 —— — 
- — — wy — — a 
— — — es - — ——— — — — A 
— — . << — — — 
— : r — 
" 2 - "Pe 1 
- 
. 
= * * 
* 


—— — 


41 — ——— — : 
\ 3 >< oof wh v wy FF ns ˙ POE A Le un. 7 
* — 
* — = — 


8 d amade. to * 
x *4 — = the Radius Curvature re- 
quired: Where the negative Sign only ſhews 
its Poſition. Hence the following Conſtruc- 
tion: On the Extremity of the Subtangent T, 
erect the Perpendicular T E, and draw the 
Line B E perpendicular to the Tangent T B; 
then will BE be the Radius of Curvature at 

the Point B, or, the Point E will be in the e- 
volute Curve, for the Triangles CB T and 
BT E will be Similar and conſequentiy B C 

— . 


cT: Boch BE, 13 3 


En We 
= "The — Expreſſion To ES Radius of E- 
volution or Curyature, found Art. 62. being 
only for Curves referred to an Axis; we ſhall 
now deduce: one for Spirals, or thoſe referred 
to a xe or central FOUR.” n 


N. 2 


gab as” + 
Y 


wy 


Wo LzT ABG be the Curve; A the cen- 
tral Point, or that from which all the Ordi- 
nates iſſue; and B E, the Radius of Curvature 
at the Point B, i. e. let E be ſuppoſed in the 
evolute Curve: Conceive A 6 and Eb indefi- 


nitely near to AB and EB; and A P, Ad, 


perpendicular to EB, E &; then will the 
Points D and m be indefinitely near to a Coin- 
cidence, and Bm and Am may be taken as e- 


qual to B D and A D, the Difference being in 


definitely ſmall. Now if with the Radius AB, 


the little circular Arch B n be deſcribed, (which 


may be conſidered as a little right Line, as may 


fs the Curve BY ) the little right angled Tri- 
angle bn B will be ſimilar to the right angled 


Triangle B DA: (For ABA = ZE BE 
therefore, 4 E Bu being common, . AB D 
n Bb, and therefore, the Angles at D and 


n being right, BAD Z B:) therefore 


535: BA:: AB: BD, that is, (if we put AB 
=y, Bn=x', nb= =7]: pecans by 47 E, 1. 


555 Y: : :: IF 
=BD, or Bm; or, ſubſtituting * for x" and 


5 for y', 
: bn : BA AD,. that i is, = . : 
3 


. 


1 =BD or B. A Bb 
* T gain 


* 
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2. . Am, or Ad 
* * : : K ＋ A 7 
; orAm,whoſeFluxion, (ſuppoſing x invariable, ) is 


£ JJ x.» 
| 7 XAT 7— = 3 
7 D x5 .* ; 


* ＋ opt 
nd. But by the ſimilar Triangles EB 
and E m d, we have B d: B: BE 
E n, or, mB : BE; or, X ＋ l — 
oF or nr DER , N 
a 4g „ 

* 2 x * K* . : 
N r F5 3 N — rb 8 
a general Expreſſion for the Radius of Evolu- 
tion, or Curvature, of all Curves referred to a 
fixt or central Point, when & is invariable. 
Wherefore, | 
z. If x be made =1, "the general Expreſ- 
ſion for B E, the Radius of Curvature, will be 


* £1. * wy h and if we put the Equation of 


the given Spiral i into Fluxions, making * 

and put this reſulting Equation into Fluxion 
again, the Valuesof the ſecond and Square of the 
firſt Fluxions of y being determined, and ſubſti- 
cuted for them in this general Expreſſion, will 


! 
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give the Radius of Evolution or Curvature re- 
| * as in the = Flowing Examples, 


ExAMPLE . 


74. To fd the Radius of Curvature at any 
Point B of the Spiral of Archimedes A BD. 
(Cee . 50.) 


Pur the Circumference of the generating 
Circle DIG DP 4, Radius AD, Ordi- 
nate AB S y, Arch DIG Sg, BA x, 16, 
=y', Gg ,, the Point g being ſuppoſed in- 
definitely near to G. Now by 09 Nature of 


the Curve #5 b:: : 19 or 2=< Lin Fluxions 


dx. 
FR. ay 8 N ER 232 
* 1 7x" Ty : a or, ts 


O 2 | ee 


100 An Ixr Roh ox to the 
y bx 


0. 2 or, eee 75 which, 


Equation reduced gives J= = . che 


Fluxion of this win is e — . (by 
| Y 


wrking = for 5 ) Ls, an | andy * And 
i we cabſtitt for y* 1 j theſe their Valyes 


we ſhall have 7 5 A 73. = 


1 
IE IEP 
by "WL. 9 e the Ra- 
1428 * 
"oy 75 
dins of Curvature e ooght 


} 


5 
E x A MPLE II. 
75. Let the Nature of any Spiral be expreſſed 
by i this Equation bea, where m Hands for 


any whole Number or Fraction ad libitum: To 
find the Radius of Curvature for any Point. ? 
Th 11s Equatjon in Fluxions is amy*—'y = 
Ini, i. e. LAY === by the laſt Ex- 


am ple, 


" "ih. 2 


\ ; I 
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a 1. e. (by 1 2 5 


or . Now, this put into Fluzions 
2 
— . 
(by fubtituting or , its qual) mr and, 
a my 
f= ee and if we write for 5* and i, 


5 mn 
theſe their Values, in 220 22 — 


1 —_ xj _ 
*. 5 r 


A 73. ) 


A >. +99 
Dy +246” as before, 


— — rn 


— an 
3 ——ů —— 
= 


of Curvature ſought ; which, when m =, is 


| CHA P. 


A {* 
— 
\ Av hg ge 1 * 2 5 
— 
> » * 
Bd 3 


n 


o * be on I 


eo 


102+: An IxtrRODUCTION 7 the 


* 
Wy ups 


2a 11 ono AP, VII. 


0 15 ae the Nature of tbe Evolutes of gen | 
» Involute Cuxvxs. | 


81 it is abſolutely neceſſary fot the Learn- 
er to be well acquainted with the fore- 
going Chapter, before he enters upon this, we 
ſhall not here define the Meaning of Evolute 
and Involute Curves, it being lufhciently ex- 
| plained in that: OR? 
B 


4+» -# . ; : 


76. LET BE, be the Radius of Evolution 

at any Point B of the involute Curve A B, 

whoſe Abſciſs is AC= x, and Ordinate C B= 

F, parallel to H A draw EN; produce B C to 
L, and _ and parallel to CL draw DN; 

then 


. DocTains of F LUXIONS. C 10 3 
then will the Triangles BH C and B EL be 
* and therefore B H: HC:: BE : EL, 


i. e. ( Art, 62) x FÞ . 2. 1 —1 2 


— ͥ —— — 


9 1 4 
2 2 =EL, and en. oB : EL: 


LB, 1 K. 54 L * 


* | 
L B, and theſe are generally 8 for 


EL, and L B, when & is conſidered as invari- 
able, and the Fluxion of y as Negative. Hence 
57. If x==1, and the Fluxion of y be nega- 

tive, the the general Expreſſion for EL will be = 


JxITY HT, and that for L B= 2 Now by 


help of the Equation of the Curve, extermi- 
nate y, J, J, out of theſe Expreſſions, as in 
the preceding Chapter; ; and by Art. 65. find 
the vertical Diſtance A D; then, if we put the 
Abſciſs of the Evolute D Nn and Ordinate 

NE; by help of theſe two Equations a= 
B L—BC, and v=A C—AD+LE, we may 
get the Nature of the evolute Curve DE re- 

| quired, - 


178. Note, If the given Involute be Convexto- 

wardsits Axis and the Fluxions of x and y increaſe | 
together, the 24 Fluxion of y will be affirmative, 
"= the * Expreſſions for F L and L 1 8 
W 


* * 


i es An Inr#o>crION 75 9 


t nat ., where che Ne. WW 5 


_- gative Sign ok 3 A the Poihts E and 
L muſt be taken on the concave fide of the 


_ . Curve, that is, on the other fide of the Curve | 1 
8 7's 

: 

: F 

EXANMr IA 1. ( 

29. To find the Nature of that Carve by a 

55 Evolution the Cycloid A BD is deſcribed, * 

* 

| c 

: Þ 

5 F 

| E 

is 

C 


pl 
Por ac CB=z, Ach, "IN 0 D 
oben Een 69.) = Fl 0 


2ay—y 
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/ if 
* 4 wherefore ( fe _ 
| © ren 1 22 5 
he? ee ee 
1 Dp L — We 4 Wy ow» 


T 
T 


Hence, if we put the Abſciſs AN A, and 
Ordinate NE u, we have u = 2 — =y, 
and v = x+2 x 2 -◻œ , i. e. (becauſe x = 2 
aa t, Ari. 69.) a- U or, 
writing « for 7 its equal, v Ca . 
Wherefore the evolute Curve A E Qs g Cy 
cloid, and equal to the given Cycloid ABD : 
For let AS =S T 4, then (AN being = 
FK,) AR SFG = E, and NR = A 
=K G. and therefore A R + RN=# + 
Za. i, i. , A RHRN NE, which is 
the Property of the Cycloid, therefore A E P 
is a Cycloid; and becauſe AT =F D, chere- 
E this . 3 5 P 4. D are on 


2y, and LE gaz X 295 


, N 
* {nt nn e 2 * — — 7 pt # 
— a * a pe” - = Fa eo r 
* SIE and — p 21 * — 8 - A, YE ES 
18 3 = % — a a 5: * > » 4 es R. 5 - ao 
— an "op ES F 7 2 7 2 l 
- — > 2 —— : 8 \ 
" * — ee I -2 » 4 Nr) 
22 " . r 1 x4 oat") 7 : . WIRES 6 82 N 
2 aſd. a, et by 8 « . : 
2 
— A CCl AE DEE En ⁵ ð iti 222 — > 
a o- - __ 
l CE OT . a5 8 G 


4 Or —- 


No Wd EN AN II. 


80. To 900 the Nature of the Eoolure f the 
curve "A D, whoſe T; angent BT, zs every 
; wy TP to the ſame given Line 4. 
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Lr BE be the Radius of Evolution at the 
Point B; then by Art. 71. if a Perpendicular 
be erected on the Point T, it will paſs thro' 
the Point E: wherefore when the Point T 
- . coincides with X, that is, when the T angent 
and Ordinate become equal, or the Points B 
and A coincide ; the Point E will likewiſe 
cCoincide with A, conſequently the Vertex of 


the Evolute coincides with that of the In- 


volute. Put XC CB ey, * 
NE=v, then . 71 Jj= 5 1 2 = 


Fn 


t, and the Fluxion of 5 being Negative, 


3 
. = 5 Wherefore BL (4 77. )= 


os we a 4 
i ; 
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; where the negative Sign ſhews 
that the Points L and E muſt be taken on the 
concave Side of the Curve. es we have 
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3 5 i. e. beat "= A, 


FF IX N ; 
Ring for y and be their above Values, b 


ail 


— which i is an Equation. for the evo- 


"+ au 
late Curve AD, and is an Equation 12 the 
catenary Curve ; therefore ur Evolute A 3 is 
the Catenary „ 


Ben The above Equation of the Evolute 
. "FI may 
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may be found otherwiſe, thus; Let E n= 
nes); then, the Triangles en E and EBT 


being Similar, 6 nE: TB: BE, i. e. 


1 inns: =DBerT "=BE: But BE 
58 v' YO 


* 


The Catenkry is à Curve as A CB formed 
by a flexible Line hanging freely from two 


Points: of Suſpenſion A, B, whether theſe 
Points by hortpogtal. of ga. 8 


81. To find the Evolute of. a Spiral, you 
muft find the Radi ius of Curvature at ſeveral 


Points, which will give as many Points in the 


<vame Curve; then a curve Line drawn thro 
thoſe Points ſo found, will be che Evolute 
n ; 


: * * * I * v 
= I 2 . 
* & A 1 * 5 2 * x Ty 
. 1 / ; 
4 1 A , 
* . 
* hs . 
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mg 1. abſolutely neceſſary for the Learner 
to underſtand ſomething of infinite Series, 
before. he can find, the Fluents, or flowing 
Quantities, of Fluxions expreſs'd after a frac- 
tional Manner, or wherein there are Surds or 


radical Quantities ; and becauſe the next Chap- 


ter treats of the finding the flowing Quantities 
or Fluents of fluxional Expreſſions ; we 
thought it not improper to add this Chapter, 


tho it is, in ſome Meaſure, foreign to our 
Bulineſs © 
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DT reduce * Lyantities into inte 
eries. | 
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have 4, 5, 6, or more Terms in the Quotient; 

after which (in moſt Caſes) yon may find as 
many Terms as you pleaſe, by conſidering the 
Law of the Progreſſion of the Terms already 


found. 1 Thus the i ue: _ Terms _ 2 


etl . Th — . * ths Law of the Goten 


of 15 Diviſion, or Rories. 1 is plain; 3 $a the 
Quotient conſiſts of an infinite Series of Terms 
whoſe Numerators are the Powers of x leſs by 
1 than the Number of the Order, multiplied 
by b; and Denominators the Power of 4, 
Whoſe Indices are the Number of the Order of 


the Terms : : And having i its Signs , al- 1 


ternately, thus the fifch Term will be += 


andthe fixth Term 2 5 if an infinite 


Nb or Kaos by Terms be fo taken, it 
will be the exact Quotient of the Diviſion, and 


conſequently exactiy equal to the given fracti- 


onal Expreſſion; but (generally) a few of the 
firſt Terms of the Series are near enough the 
Truth for any Purpoſe. . 

Or, if we put x before à in | the Denomina- 
ter of the above given fractional Expreſſion, 


% 6 
* ; 


2. e. 


and divide as in common Diviſion, till you 


8 
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„ E Divi ede l 


ſtead of a+x ; the Quotient or Series will be 


$a. 


ba* 


x " _— 


han the Series may be ob- 
ſerved as before. 


—X; , &c. whence the Law 


83. Note. There will SU be as e 
| Quotients or infinite Series, as there are Terms 
in the Denominator or Divifor, though only 
one true ; and to find this, you muſt always 
place the greateſt Terms in the Diviſor and 
Dividend firſt, 7. e. if, in the laſt Example, for 
Inſtance, à be greater than x, then a muſt be 


the firſt Term i in-the. Diviſor and - — — io 
ch 
r, &c. will be ahi true Series but if 


x be greater than a, then x muſt be the firſt 
Term in the Diviſor, and þ ba bo be 


_ 5+” Ns e & * I 
Kc. will be the true Series ; the Sus then 


being a diverging one, and conſequently the 


further you go in the Series, the farther it will 
be from the Truth. 


- 
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Now tn theſe four Terms, it is eaſy to 
ke that the Law of Continuation i is ſuch, that 


* the 
* 


erer 


for 


* , 2 * Tv” \ 1 * n r * 24 s, 
Ds * * 3 4 es n N , . 


— are 1 leſs. than the Number of the 
che Denominators, the Powers of a, whoſe 
reſpondent Numerators; the Signs being 


* alternately. : : So that the fifth Term 15 
=, ; the ſth Term WW and fo on. h 


1 


P ROB. II. | 
| To reduce a compound ſurd Quantity "a 


an infinite Series, i. e. ta free a compound Ex- 


preſſion from Surds, by throwing it into an in- 
finite Series. 


Ears 3 


85. Let it be required to throw = 2 or 
| @ "Fx. into an infinite Series. | 


Note, In Order to have a true Series, the 
greateſt Term muſt be always plac'd firſt, as 


1 


er than x 


Take the Square Root of a, which i is 4. 
for the firſt Term in the Root (ce the Opera- 
tion below,) then this ſquar d and ſubtracted 


, from 


Dorm eben nz 
the bees are the Powers of æ, whoſe. 


Order, multiplied into the ſaid Number; and 


Exponents are the ſame with thoſe of the cor- 


in Prob. 1. Therefore, ſuppoſing a. to bowl | 


633 B; Wo 
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from a K leaves +x*- And this Remainder 
divided (as in the common Extraction of the 
Square Root) by an viz. the double of the 


firſt Term, gives — — - for the ſecond Term in 


the Root, hich 2 together with the double of 
the firſt Term, being I by; _ — the faid 


175 


ſecond Term, gives x * 


ed from * leaves 2 — - which divided by the 
double of the two 1* Terms! in FE: Root, dis. 


by 2 ” gives—2-- | for the 5 Term in the 


Root which together wich the double of the two 


firſt Terms, via 20 F 5  mukiplied by Nw 
K 75 
ol - - ths «fd third | in gives ene 


8 
* 


e 
„ „ 8 5 


8..— 125 whith divided 7 the double of 
the three Terms of the Root 8 fou nd, 


| vis. by 24+ 21. gives 64 2875 for the fourth 


„leaves 


18 


a 7 8 e e 


7 
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Terni in the Root, and after the ſame Manner 


may be found any Number of Terms in the 


Root; and after the Law of the Progreſſion or 
Continuation is diſcovered, the e * be 


continued on at Pleaſure, 
0 Pp * R A T 1 9 W 
* ** K 
2 1 
0 * GER 8. 1645 
24). 0 2 Bas 
MD ; + Hs x*. 
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20+ + 6445 
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86. Let it be required to throw 3 * into an 
infinite Series; where x is ſuppoſed to be be leß 


than Unity, or x greater than *. 
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And aſter the ſame Manner may any com- 


mon ſurd Quantity be reduced into an infi- 
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bite Series. But with much rogue Eafe and 
O An „„ 

87. All manner of fractional Ind fiird * 
 tities, may de reduced into finite Series, by 
a moſt curious and excellent Theorem invented 


for that Purpoſe, by the Great and nr 
dir ir Jſaac Newton, called his | 


UnivensAL e 


which a PT FT VP rr ee 


ry gg cat == D Q+ 


'E Q+ &c. wherein it muſt be ob- 


Tea that, PeP repreſerits] the Quantity, 
whoſe Root, Dimenſion, or-Root of the Di- 
menſion, is required to be thrown into an in- 
mite Series; P the firſt Term of that Quantity, 
e eee poet of the 
Terms divided by the firſt ; = the numerical 


Index of the Diaenficn or eber 6fP+P N. 
whether that Power be Affirmative or Negative, 
Integral or Fractional; and A, B, C, D, E, &c. 
the Terms in 00; Series or Quotient already 


bib, * 4 =P*, B==AQ, C=——"BQ 


is 
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Db d. * Q, or A 
== the firſt Term, B= the ſecond Term, 
C= the third Term, D= the fourth Term, 
E the fifth Term, &c.—— The following 

Examples will explain, and ſhew the = 
Uſe of this curious Theorem, e 


Kran bb 1. 1 a 


88. Let it be required to throw a* + x A into 
ar 2 ras ; 91 — than x, 


Hezz 2. D 455 mr, 25 A 


7 
BF 4; 5 — * 720 B 8 
Ne 2 | 
= De FEE 9 4 * 
= - & „c. therefore ar Ix 15 Ex 
tw As ee 2 
6a 2 * | | | . 2 
N ' | 5 6, 4 
9 q 
* 5 
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EX AN IR II. 


_ Required to put - I into an infinite 
Series; * being greater than **. 


| - Here P==x, 3 2 


—— — x, M= I, , 
* 


Axl, B — : xt, C= Ii, D — 


&c. therefore — Nx! it i— st, 
&c. 


| EXAMPLE III. 


99. Required 70 os =Y into an 22 55 


ries; x being le 7 than 4. 


2 2 E Pam, 


X 


i Le ele a waa 
| i. 


a 


* C = D E==, &c. there= 


fore b HF x : — 5 +5 Wes - + 

3 Z ot | of © 

25 &c. that 1 hy aFx _— — — 2 
bx” RET” 
5 | a 


Ex- 


4 * to the 
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* into. an ure 


Series; 3 where a 7 graue. len x. 


91. Ae to pu " 


pip tC SITE Po OS nn 
| —2, l, 2 2 | W Gay *. 

2 = AE, &e. en a* x 
ny En e 
* that ae 4: ZI 1 
A 


29. But we may find the Series anſwering to 
any propoſed Quantity, by the 8 uni- 


verſal Theorem, Viz, FFP N — * SL 
m M—1 m m— 1-2 
Eb Sn ii a2, . 

n mn m- n me 25 - 
Q 5 27 W als. ha — Q & c. 
(which indeed is the ſame as 5 other, tho 
W a * with ſtill more Eaſe and 
| apc 
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Expedition ; and that without any previous 
Deduction; if we conſider that both the Nu- 


| merators and Denominators of the Fractions 


M — — — 
goat : 3 


0 

Numbers in er To Progreſſion, which 
have the ſame common Difference n. This 
will appear by the * — 5 


, &c. are Series of 


E x A M PL E 1 


93. Let x—x 15 be required 70 be put into 
an infinite Series. 


2 


3 3 
ee, ef m=1, 


= 2, therefore x . = l x 11 + 
1x—1 , n 

21+” © 2X4x0 + 
1X1 x—}x—5 
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FW ĩ²wꝛm APE Wai. 99 As 
WING "nb 2.4.6.8 5 
or ab .. — 3 got — Kc. 
me S224 20-6: ein 


Exaneie * 


- 


94: Lit = t be put into an inte Series. 
| R nr Here 


n LY 
E.. 


5 1 * 4 Inrzopverion to th 


CO ee — — —äꝶä4ä6ẽü4ͥ 


95. 


Cs 


s — x os Fl 
2 mg 2525 2 : = PR e. 


S. 10.1754 5.0.1 5. 20.5 


„ 6 . 
F e 


FRA 5. 10.15. 0.15.47 © 
6. J. ta. 5 
5.10.15. 20. * 
c H A P. nn 


Of finging the Fluent of a given Plixion, 


s it is the Buſineſs of the direct Me- 

thod of Fluxions to find the Fluxion 
of any given variable Quantity or Fluent, or 
the Velocity with which it flows at any par- 
ticular Point; So it is the Buſineſs of this Chapter 
or of the inverſe Method of Fluxions, to find or 
determine the variable Quantity or Fluent when 


that Velocity or Fluxion is given alone: and 


this may be done by the following Rules. 


96. RULE 1. To find the Fluent of a 
ſimple Fluxion: Subſtitute the flowing Term 
for its Fluxion, and it will give the Fluent re- 


Ss Thus the Fluent of ac is ax, ö 
; 97. RULE 
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97. RULE 2 To find the Fluent of 3 


Fe Expreſſion which is compounded of 
different Simple ones connected together with 
the Signs +- and — : Find the Fluent 
of each ſimple Expreſſion by Rule 1. which 
connect together with the Signs of their re- 
ſpective Fluxions, and it will be the Fluent 
| ſought, Thus the Fluent of -b! is xty 
—bz: And the Fluent of a #—b*5+ is'a*x 
—b*y +2, 

98. RULE z. To find the Fluent of a 
fluxional Expreſſion which conſiſts of the Pro- 
ducts of two or more variable Quantities drawn 

into their Fluxions i. e. which conſiſts of the 
Fluxion of each variable Quantity multiplied 
into the other or Product of the others, as xy 
— ay or xyz+xy2+xy2 ; Multiply the flowing 
— Quantities together, and their Rectangle is the 
Fluent ſought. Thus the Fluent of & Y is 
xy, the Fluent of iy2-+aja+ige is XYZ. 


99. RULE 4. To find the Fluent of a 
Auxional Expreſſion which conſiſts of the 
Fluxion of any variable Quantity drawn into 
any Power of that Quantity, contain'd any 
Number of times, as 2x*x; Strike out the flux- 
zonal Letter, increaſe the Index of the Power 
of the variable Quantity by 1, and divide the 


Cocthicjent by the Index thus increas'd; and it 
> Sn „ 


» 


124 An Herbe derten to be 
will be the Fluent ſought. 'Thus the Fluent of 


* 
2 * is 3x7, | the Fluent Df — r 1. e. of _ 


Py —.— divided by r i. e. — 


or * 5 or —. + and univerſally the Fluent of 


2 e —5 
* * is & * See 
55 . 

422 — h 


100. RULE 5. E. 16 80 find derne of « a 
con: ;pou nded Ek Expreſſion like — SE 


Throw the Expreſſion into an infinite Series 


(by Chap. 8.) and find the Fluent of the Series 
by the foregoing Rules, and 1 it will be the Flu- 


* 
ent ſought. Thus to find the Fluent Me 7 N 


1 ag it into a Series, Th (Art. 90.) is 


2 8 =; 55 eke. and then 
find "a Fl of this Series which (Art. 

„ee 2 — = E. E „Kc. 
| £7 ThE, -; 54 


: and this is the Fluent of "LT * required. A- 


| a & 
| gain to find the Fluent of = && f * che Ex- 


f 5 * * be n e a Serie 8, Which 
5 a (Art. 


— 8 1 


* ä 
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(A. 89) is xixz—LxIxt—x4 — ek, c. 
and the F lr this Series (Art. 99. ) is * 
e x2, &c. which is the F lu- 
ent of — 838 required 


* 
- * 
J. 8 


* 
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101. This Chapter being only the Reverſe 
of the Second, we thought it needleſs to De- 
monſtrate the Rules here delivered. But tho 
we can find the Fluxion of any Fluent, be the 
variable Quantity ever ſo much compounded 
with invariable ones; yet the Fluent of ſuch com- 
pounded fluxjonal Expreſſion, cannot always 
be had in finite Terms. And tho' no Fluent 
can have more than one Fluxion, yet a Fluxi- 
on may have an infinite Number of Fluents; 
thus, for Example, the Fluent of & may be x 
or x+a, where à repreſents any invariable 
Quantity whatſoever : and to find a, when it 
muſt be added to, or taken from, the Fluent x, 
zs call'd gorrecting the Fluent ; but this, in ge- 
neral being very difficult to determine, wwe 
ſhall carefully avoid, in the following Chapters 


the giving of Examples in which the Fluents 
of the Fluxions need ſuch Cortedtion. 


CHAP. 


126 An Wee : 


ec H A . + 
of Gi 12 the Length of a curve Line, 


102. TN Curvesreferr'd to an Axis (Fig. 1.) 


let B C be perpendicular to C A, b c 
indefinitely n -Near 2 to BC, and P 1 


equal and parellel to c c. And in Carres re- 

|  ferr'd to a fixt or central Point (Fig. 2.) let 3A 
be ſuppos d indefinitely near to BA, and the 
little circular Arch B be deſcrib'd with the 


Radius AB. Put AC. (Fig. 1.) , CBA, 


Curve AB=z ; Bux, _— „ Bb=2': then 
(becauſe 


e 
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(becauſe B b may be conſidered as a little right 


Line) ne) by 47 E.1.B b—B 7 + bf l, K 

m=x=+p/®+ or (Art. 3.) 22 IE. Put 
the Ordinate AB (Fig. 2.) =y, Curve A B 
2; Bn=x'\, nb=y', Bs“: Then (be- 
cauſe B & may be conſidered as an indefinitely 
ſmall right Line, and Bu as a little right Line 
perpendicular to A þ) as before & YU 
or 2==x*+5*J and this is a general Expreſſion 
for the Fluxion of any curve Line whatſoever. 
Now by help of the Equation of the given 
Curve we may find the value of x, in Terms 
of y, or of * in Terms of x* by which * or 
in this general Expreſſion may be extermi- 
rated ; and then if we find the Fluent of this 
we ſhall have z, or a definitive Expreſſion for 
the Length of hs Curve Line required. 


l . 


103. To find t the Length of the Curve GB 
2, whoſe Equation ( Puts ng the given Line AG 


=, AC==x, CB,) i iS X 4 R 23 /. 


The Fluxion of this Equation (Ar. 13.) is 


3 * 4 *+ x17 x 2x% = 34%, therefore 9 85 
SEED Fx" and 5” EET FE = 


4a 


vi OT _ 


wo "i InTzoDpcTION a the 
4 — - which ſubſtirate for 5 in the 


a* 


2 e Expreſion gives * N = 'S 


= _ * — — . 4 * Tax * the 


Fluxion of the Curve G B, cr Flven . by 


vt. 99. is $= — . or * = = the 
* of the Curve G B W 


e IL 


104. V the Length of tbec common Gi. | 


p 
| &. "i . . % 


PuT 
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Pur EA or EF, the Radius of the gene- 
rating Circle =a, Abſciſs A C==x, Ordinate 
CB=y, CG=s, and * =2, then (as may 
be found i in rt. 4 45. 37 — 5 and theres 


fore ef =— = L, which ſubRitated for 55 


gives A general Eapreſſon for ths Fluxion of 
the Curve (Art. 102. ) S n 
„ I's "F477 X*——44X% DN 
” es a 
i. e. (becauſe by the Property of Circles G az 
=ACxCFors = 2a—x*) = * 
— $-—1 uw. = = 24. 24 K x * * x; 
and the Fluent of this, by Art. 99, is > = 27}! 
* 2X3 =2 x 2ax}*. = = twice the Chord AG 
| (for the Triangles FAG and GAC being Simi- 
hr, FA: AG:: GA: AC, or FA x ACE = 
AG, 5. e. 22x AG.) Whence the Length 


of the Serni-Cycloid A D, is equal to twice the 
Draper AF of its generating Circle. 


g "can 


> 
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2 * ning the Areas of Curve-lined he, 


10 05. J. Curves AB referred to an Axis (Fig. I, 
laſt Chap.) let 4c be conceived in- 
definitely near and parallel to the perpendicu- 


lar Ordinate B C, and B equal and parallel to 


Cc; then, becauſe 57 bears no aſſignable Ra- 


tio to BC, Bc. may be taken as equal to BC 


or nc, And the Trapezium BC cb as equal to 


the Parallelogram BC cn; But BC cb is the 


Moment or Increment of the curvilineal Space 


AB C i. e. if we put AC==x, CB=y Cc=x, 
the Moment or Increment of the Spaee A BC 
J , and therefore 1 its F luxion (Art z.) is 


106. In like manner in Spirals or Curves re- 
ferr'd to a fixt or central Point, let 5 A be con- 
ceiv'd indifinitely near to BA (Fig. 2. laſt 


Chap.) and BA perpendicular to A; then, in 
having leſs than any aſſignable Ratio to u A, 
may be conſidered as equal to B A & the 


Moment or Increment of the curvilineal Space 
BD A, i. e. if we put AB y and BA x.; 


ti Moment or Increment of the Space A D B 


will be = Lyx or its Fluxion (that is, the Ve- 
: locity 


is 1 


www we 
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locity with Which | it flows at the Point B) = 

=: 5 
107. Wherefore, when the Chev] is referrd 

to an Axis, find the Value of y in Terms of x 


by the help of the Equation of the given Curve, 


which multiply by &; then the Fluent of this 
fluxional Expreſſion being found, will give the 
Area of the curvilineal Space B AcB requir'd 
(fee Fig, 1. laſt Chap.) And when the Curve 
is referred to a central Point A, find the Value 
of x in Terms of , which may be done by 


help of the Equation of the given Curve, then 


multiply this Value of * by 2) and find the 
Flnent, and it will give the Area of the 8 
BDAB —— (ſee Fig. 2. laſt Chap.) 


E x AMPLE *- 
108, 7 0 find the Area of the common or apl. 


bnian parabolic Space ADEA; "Vs: A ES 


is giver = ho and ED =6, 
29 3 


\ 
Por 
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Pur Ac gx, CB=y, and the Paramet 

| =þ; ; then by the Nature of the Curve p 
or y pf pix, which drawn into x is yx— 
Pint, and the Fluent of this Art. 99.) is 18 piu 
1. e. , or (by writing y* for px,) 5x*3* Z or 
a "which (Art. 107.) is the Area of the in- 
determinate Space AB CA; therefore, by 
ſubſtituting 4 for x and 6 for y, we have 26 
== the Area ſought. 


CoRroLtany, 


The Area of every common or apollonian 
parabolic Space ADE A, is always equal to 


two- third Parts of i its circumſcribing Parallelo- 
om APD E. 


Ex AM IL I 1. 


| 109. To find the Area of the ſpiral on 
ADBCA of Archimedes, 


Pur che Circurnference of the generating 
Circle CIGC=42, and its Radius A C or AG 

b; Ordinate AB y, Arch CIG—2; let 
A g be ſuppos'd indefinitely near to A G, and 
with the Ordinate A B as a Radius the little 
circular Arch Br be deſcribed, 1. e. let BN 
„, nb=y and Gg=2', Now, by the Na- 
ture of the Generation of the Curve, : a : : y 


6 £Y 
8 5 


„ deg 
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1 & 6: 2= in Fluxions 5= ; but by 


the ſimilar Sectors or 1 ABn and AGg, 


„ @ . ran na 


ws # 
= * and X= + which multiplied by 47 


a gives 2 =27 whoſe Fluent ( Art. 99.) is 


> and ( Art. 107. ) = : the Area of the Space 


ADB A, wherefore by ſubſtituting b fory, 


we have g s FEED the ſpiral * N 


Cor o I. I A R V. | 
The Area of the ſpiral Space of Archimedes, 


s one third Part of the generating Circle. 


Li 5 CHAP. 


= OY An Feraopucrion fo the 


CHAP. XII. 


of finding the convex Superficies of Solids. 


110. Er the Solid AcBE PDF be con- 
ceived to be generated by the ſuper- 
bei Fir. * CB EONS: above A C as an 


Axis; then the Velotity with which its con- 


vex Superficies flow, will be equal to the Ve- 
locity with which the Curve A G in its De- 
ſcription flowed at the Point B, dravvn into the 
Periphery of the Circle B E DF B deſcribed 


by the Radius C B, that is, the Fluxion of 


the convex Superficies of the Solid, is equal to 
the Fluxion of the Curve at the Point'B drawn 


into the CIOS: of a Circle whoſe Radius i is 
0 
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111. Hence, if we put AC=#x, CB=y, 
* AB=2, and c==2 x 3-1416= the Cir- 

| cumference of a Circle whoſe Radius is 1, then 
cy will be equal to the Circumference of the 
Circle deſcribed by C B, and (Art. 102.) the 
Flux ion of the Curve z=#*5Þ z and the ge- 
neral Expreſſion for the Fluxion of the cohvex 
Superficies of any Solid will be cy or cy * 
* f; out of which, by help of the Equa- 
tion of the given Curve AB, & or y, &c. 
may be exterminated, and then the Fluent is 


found ; which will give the Area of the con- 
vex Superficies required. 


EX ANTLE I. 


112. To find the Super ficies of a Sphere, on 
the convex Superficies of any Ws Wy it. 


1 
Pur Radius B.A or EB =o, AC=x, CB 


* 


* 
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AB = E: Let BX S Ce expreſs the very firſt 
Moment of the Increaſe of AC, nb of CB, Bb 
of AB, i. e. let Bu M, „nb , and B O, 
then B being confidered as a little rjght Line 
coinciding with a Tangent to the Point B, 
the Triangles ECB and bn B will be alike 
(for CBA =. E B b= a right Angle, there- 
fore, LEBr being common, . CBE — 
_£nBb; and the Angles at C and 7 being 
right, the Angles CE B and Bb» mult be like 
Fe equal, ergo, &c.) Wherefore EB: BC 


I 


:bB: By, l. e. a: 5 2 2K * „„ 


— 


ax 


gives the ONE Expreſſion for the Fluxion of 


the convex Superficies 0 (Art. 111.) = * 


ax 
71 as, whoſe Fluent is cax = the convex 


Superficies of the Segment ACBD: And if 


for be ſubſtituted 24, we have 2ca* = the 
| — of the whole * | 


ConoLLARIES, 


1. Tur convex Superficies of any Segment 


of a Sphere, is equal to the Periphery of a 


t Circle of that Sphere i into the 


T- 


Altitude of the Segment. 
| 2. Tub 


> which ſubſtituted for S, 


11 
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2. Tt he whole Surface or Superficies of any 


Sphere, is equal to the Periphery of its greateſt | 


Circle e into its Diameter. 


ExAneie II. 


113. . 475 find the concave x Superficies of the 
right 82 ADE, whoſe Altitude AL is given 


a, and Baſe diameter DE=5. 


ew AC=x, 1 By Sim. As AL 
:LD::AC:; CB, 1: 5 x= 


= which put into Floxions ; Fe, lu 77 oi 


| 6 | 
— which ſubſtituted for x* in the gene- 


ral Expreſſion for the Fluxion of the convex 


duperficies, s, gives 9 ** * (Art. 111.) = 
„ = N +8 b .. whoſe 


. F luent | 


_—_ 
—— — vr nt — — — 
- * — — 8 NTT r - , 2 


1 38 boy eau i te 
Fluent i * 2 * rh T* | * = = - . Xa ED 


— abALN En FRA Az) 


25 x AD = the convex. Superficies of 4 


Cone AB G generated by the plain Figure 
ACB,; and by ſubſtituting 2b for y we have 
z þ x DA=the convex Superficies of the 
Cone ADE. | 
CE cies | 
The convex Superficies of any right Cone, 
is equal to half the Circumference of its Baſe 
multiplied into its ſlant Height. 


0 H r.. . 
of finding the Contents of Solids. 


114. ET bc be conceived indefinitely near 
| and parallel to the variable Ordi- 
nate BC; and B equal and parallel to Cc, 
the Incrematir* of the variable Abſciſs AC; 
then, becauſe the little Parallelogram B C c 
is expreſſive of the Increment of the plain Fig. 
ACB (Art. 105.) therefore, if a Solid AEDF 
be conceived to be generated by the Revoluti- 
of the curvilineal plane Fig. AE D round the 
. Axis AE, the NOR little Cylinder gene- 


rated 
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rated by the ſaid little Parallelogram will ex- 1 1 
preſs the Moment or Increment of the Solid at i 11 
B; and, becauſe this Moment or Increment is s if 
equal to the Area of the Circle deſcribed by 1 
the Ordinate C B drawn into the Increment of 
the Abſciſs A C; therefore the Fluxion of thge | 
Solid at B, is equal to the Area of a Circle 'Þ 
whoſe Radius is CB drawn into the Fluxion | 
of the Abſcis AC; which, if we put 

5 AC=x, CB=y, and c=3.1416= the Area, eee. | 
of a Circle whoſe Radius is 1, is = c 3 


And this is a general Expreſſion for the Fluxi- 


— 
— . — $a rears - 
e x... Se 2 N02 — 7 is a 


: on of any Solid A E DF at any Point B what-⸗ 
u. ſoever; out of which, by help of the Equati- 
he on of the given' Curve A B, either x or y* may 
15 be exterminated, and then the F luent found, 


which 


4 

3 

N 
wy | 
| 

; 
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which wil. g give the Conant: of the Solid ge⸗ 


nerated by A CB and then if for x or y we 
ſubſtitute the Value of AE or E D we ſhall 


have the Content of the Solid AE DF re- 


quired, as in the following e 


E x. A M P 1 K I 


115. To find the Content of a ; Sphere or any 
Segment of it. 


Pour AC x, CB =), Diameter. A R Sa, 
(ſee Fig. 2. in the laſt Chap. ) then by the Pro- 
pany. of Circles ACxCR—CB|, i. e. ax— 
* . Now by ſubſtituting ax—x* for y* in 
the general Expreſſion for the Fluxion of the 
Solid Content we have (Art. 114. cx x 


cax : 
ar l whoſe F luent I is * — 


are —2 


— — — * = the Content of the Seg- 


3 
ment ACB D : and if a be ſubſtituted for x 
we ſhall have 3 _— zes: = the Con- 
tent of the whole Sphere ABR D. Hence, 
becauſe four times the Area of a great Circle ot 
the Sphere is , and the Content of the 
Cylinder circumſcribing the Sphere! is , 


we haye thy TOE 


C o R- 
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ConoLlLany. 


The Content of any Sphere is 5 to . 


Times the Area of its greateſt Cirele multiplied 
into 8 Part of its Axis; or equal to two- third 
Parts of its circumſcribing Cylinder, 


EXAMPLE II. 


116, To find the Content of the Parabolic 
Conoid A E DF generated by the Apollonian or 
common Semj-Parabola AE D revolving round 
the Axis A E; where AE=b, ED=4, 


hes : 5 88 ö P 
; ” * 
/ 5 L = 
q U 2 
» * 


Pur the Parameter PR, which paſſes thro 
the Focus F of the Parabola a; Abſciſs AC 
==x ; and Ordinate C B==y ; then by the Na. 
ture of the Parabola ax==y*. Now by ſubſti. 
tuting ax for * we ſhall have the general Ex- 
preſſion for the Fluxion of the Solid * * (Art. 


214. 0 ara, whoſe Fluent is ca = (by 


9 


. An INTRODUCTION 70 26 
writing y for ax) Jcxy*= the Content of the 
Parabolic Conoid generated by the Semi-Para- 
bola ACB, and by ſubſtituting b for x and d 


for y, we have cha? = = * Content of the 
l required. . | 4 


. i, CoRoLLAR Y. 


The Content of every common Parabolic 
Conoid is equal to 2 85 its e Cy- 
lader. 


äè—2ũ—z—k— — — —E—ä— p 


EX AN UI. 


11 7: To find the Content of any Cont whoſe | 
Bet is a Circle. 


Pur the given Altitude A La, Baſe-Dia- 
meter D F, let B G be parallel to DL and 
put A Cx, and c=.78 54 then, by Sim. As 


| AL:DF:: AC: BG, i. e. 4. 2 


— 
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=BG therefore the Area of the Circle BG = 


Bu * 5 _ 
= X27 which multiplied by x (Art. 
11 4˙0 i 18 2 = the Fluxion of the Content 


of the Cone at B, whos Fluent is LM the 
ſolid Content of the Cone A BG; and by ſub- 


ſtituting a for x we have 2 icb*a*= the 
Content of the Cone ADF required. 


CoROLLAR x. 


The ſolid Content of any Cone whoſe Baſe 
is a Circle, 1s equal to the Area of its Baſe 
_ multiplied into J of its perpendicular Altitude. 


AR A. 
Same Miſce laneous Queſtions with their Anſwers, 
* Pre. | : # 


"HERE is a cylindrical Tube, whoſe 
- Diameter is four Inches, in which is 


8 18 cubic Inches of Water: Nowy 


ſuppoſing a heavy Sphere, whoſe Axis is two 


Inches, to be thrown into this Tube; *tis re- 


quired to find what Part of the ſaid Sphere will 


\ 


4 
— * < 7 - = 3 — VD 
pg yen IG — — —— - . « tn . 2 — 8 2 
Fo rr r ; 
1 8 * * 


— 
— 


\ 
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i, immerſed in the Water, and-the Akitude 
of thin Sryriemt above the Surface of i it, 


— 85 $0LVTI0N 


4 


Pour D c the 1 of the Sphere =2= 
a; and E C that Part of it which is = the Al- 


_ -titude of the Water after the Sphere is thrown 


5 lg it x; A B the Diameter of the Tube = 
4b; the Content of the Water in the Tube 
= 18 C3 and 78 54 = Then E D=a— 


x, and by the Property of Circles DE x EC 
AE G, i. e. a- * the D of the Radius 
of the Plane of the Section of the Sphere; 
therefore the Area of this Plane is = 4 fax— 
4 / which multiplied into x is a faxx—afx*x 
= the Fluxion of the Segment of the Sphere 


under the Water, whoſe Fluent is 2 fax* — 
* © has the Content of the Cylinder ABHF 


=f/b:x 
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fx, by Tranſpoſition 4 — 2 far FN 
Dr and by dividing both Sides of this E- 


quation by 4 f we have * — g T2 


ev. 18869. whence a Is found — 


1.76=BE, and a—x=—0.24=ED the Alti- | 


tude of the Segment above the Water. YE E. I. 
II. 


"Ghats A BAC, and BD. Quare the Ra- 


tio of the Angles AEC and BED, when CE. 
+ED is @ * | 


z : 7 a — — 
GE 


8 O fur. 


* 18 8 that the Fluxions of Ps Lincs 


CE and DE are Negative to each other, and 


becauſe the Sum of theſe Fluxions is = o, 8 chews 
fore they are equal to each other, or, becauſe 
the Increment may be taken for the Fluxion, 


: if e de conceived indefinitely near to E, then 


3 — 


. hes 


he ne 


TI Ir =o 


< 
» 
. - 6 ; 
. © oy 4 
o : * 
* PP a A <a — a 465 — ——— as — — „ St 294d a — as ates — ond * 1 * * I B about 
: : —— 2 ns 5 —— 2 — . — — — rontee io I IP 6 — —— CRF en a; 9p _ 
—— ———— —66—5— I Ys A — ——— —— — 1 — — q e wp. yg. 7 2 — b 
< oe — * 3 2 r — — . MA 
— x 4 5 2 : 7 2 5 5 — —— ” Obs” Fen 2 W 2a. Fd 
. 1 - a 2 "Se PS. De. 5 £ 0 n hy = © KS. FE an 5. - <0 oe i 
— . 22 > bY PL LL AR, : 5 * . 
1 3 
, 
I — « 3 ol — 
— — * —_ — he . 
: 85 * 


EY 
— 2 
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..0e=0E and conſeq. Co E e Coe E, i. e. the 
Angles DEB and CEA are in n the Ratio of E- 
qeep. E. I 
Or, by a plain geometrical Way of 3 
ing, thus. — Produce CA to G, making 
AG=AC; then will GE=EC, and 4 AEG 
== DEC: But the Sum of GE and ED is the 
leaſt poſſible when they are in the ſame Directi- 
on, i. e. when 2 AEG= 7 BED, as is evi- 
dent on the leaſt Conſideration ; therefore, 
when CE+ED is a Minimum, the oye: 
AEC and BED are equal. 


III. 


Quæœre the greateſt equilateral 7 riangle that 
can be inſcribed in a ſcalene T1 ogy whoſe 
Sides are 4, 7, and 10? 


$0LUTION. 


As the Angles of an equilateral Triangle are 
Go? each, it is plain that the extreme Point of 


either of its Angles cannot fall in with the ex- 
treme Point of either of the Angles of the given 


Ae BB Ra 5 oo 95 A A. 3 


F A = a 
Cf ; 
N 5 Fl 2 bo 
| F | | (I 14 5 
a wt . F f 
r 


T riang le 


8 


ee 1 


Triangle except the largeſt, viz. ths C. A CB. 
Let CDE then be the greateſt, and put its 
Side C D=s, let drop the Perpendiculat CP; 


then by 13 E. 2. APR —5 Se 05 


Nr 
— 3.350 and by 47 E. 1. AC'—A4P\'=eTY 
CD D]'—DP}, 1. e. ACU—AP\ =-. or 
3.777 it, whence $=2.244. L E. I. 


VN. B. In Order to prove that the Triangle 

CED is the greateſt Equilateral that can be 
inſcribed, from the Points D and E erect the 
Perpendiculars D F and EG equal to PC, and 
draw the Line FG; then will the Triangle 
CDE be —= the Parallelogram D F G E. Let 

another Triangle be drawn, which, if it be 
_ within the Parallelogram as H IN, *tis plain it 
cannot be : the Parallelogram, becaufe it 
hath no Side coincident therewith; and if it be 


doithout and have one Side coincident with one 


Side of the given Triangle as CL K, neither 
then can it be = the Parallelogram ; for if 
fo, CK would be = CE, and as CE] —EP* 
N EP, then ſubtracting CK) —CEf 

from the Equation, PK) = PE or PR=PE 
which is impoſſible, therefore CD E is the 


greateſt Equilateral that can be Wen. 
E E.. D. 


Suppoſe 
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N 


0 n A * 9 " 2 2 py 
2 — — — —— IN 232 — Ste _ 


7 RT \ 
” | 55 : 3 3 nk 
2 * — » 4 _- — — ho — __ 9 8 15 n _ x 
—_— r * r n — —ꝝ Sy . Ne. . 
8 3 e 7 7 # 
: 1 
.* * * 
— 
n * NN 


yo xs" 


Sek tbe Sides of a Por yon Belbus 10 the 

#400 equal Circles: Required. the Inclination of 
Planes when 85 contain the ene Oy 
9 


„ 


mY 


0 3 55 LES v 122 1 oY | 


Let AC 3 Bi 0 * FR two — and: C 
the Center on which they turn. Now it is 
plain that if AC be moved up from B C the 
Point A will deſcribe an Arch of a Circle BLA, 
and the Chord of that Arch AB will be the 
Side of the Solid formed by the Bellows ſo ex- 
tended: Let us ſuppoſe. this Solid cut by a 
plane Perpendicular to A B; then becauſe the 


Diameter AC} js contracted into the Coſine DC 
SLIT , - a | while 


«,« 


„ 
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while the normal Diameter E F continues al- 

ways in a parallel Situation, and therefore is 

not at all diminiſhed; it follows that the Plane 
of that Section will be an Ellipſis: And as the 
Parts ACD and BCD are equal, if we con- 
ceive the upper Part ACD to be moved 
round into the Situation @ C D, it will form an 

oblique Cylinder 2 CB D, and conſequently 
the Content will be greateſt when the Altitude 
is ſo, i. e. when the Sides of the Bellows are 
normal to each other, VT E. I. 


Pofing CE the Diftance of the parallel Lines 


ee f bags. cata AS Pr i n 22 
* 2 C - » 2 
8 1 5 9 c 5 
i ie * 4 1 MT l 4 n» la * 4 Sa _ 
- 8 — wt * - — PE VIDS 4 4 4 " 5 * 
. eee N IGOR 2 
© > 1 ' —— 0 * 2 8 


N 
m . 

4 

TR 


"EO 1 5 TY 'T 


APE. , as alt the ak CAD, f be 
beiden and CET x CD BCB 


3 


— 8 0 


150 eee to the 
8 0 1 u TION, 


Put ct =a, cD= =sS, Abſciſs Mes, 
Ordinate CB=y. Let dc be conceived inde- 
finitely near and parallel to DC; and D , 
Bu, equal and parallel to Ce; and put 7 b— 


„ nN; and ſuppoſe BT a Tangent to 
the Curve at the Point 22 Then DC: Cc A:: 


+ 


* 
an: nd. i.e. a; x: TX = =Dm — *; 


And bn : 1B :: BC: CT, 1. e. 5 
- 2 


5 [T, or, ſubſtring the Fluxion for the 


Increments, 2— 3 But by the Queſtion 
4 Y which in Fluxionz j is n -i =» 


2 2 
prog et grt—yy, 6, . 2, : and this 


na" 2 8. 


ſubſtituted for? 2 in = gives CT = 


ö Ba nes. 


nag S* 
Now this is an univerſal n for the 
Subtangent of all poſſible Parabolas; therefore 
when m=n= 1, the ſubtangent will be 2x, 


| and the Curve the Common or Apollonian Pa- 
rabola. 9. . 4 


Note, 


— 


Docrxixx of FLuxions. 11 
. Note, Tho' this univerſal Expreſſion for the | | [1 
Subtangent, ſeems to differ from that found in jd 


Art. 39. yet it will be found to expreſs the very it | 
fame thing, if we conſider that the Parameter | 
drawn into x, in the * of the Curve 
there, is equal to 472 2 here, for then, m 
there, will be equal to 4 here. 
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VI. 


1 a en 


In the Curve ABD, whoſe Property (put- |} 
| ing AC x, CB=y, and a= a given Line,) oi 
is ax—ay==x*-|-y* ; required the Radius of 9 
Curvature for any Point ; and a geometrical = 
Conſtruction to illuſtrate and confirm the Wark. | 
* : * : i — N | a {4 
1 i : * 8 * i 
3 ? 1 
1 E. i | 
\ » . £ 
* of 'K * 1 1 
* 53 > 
Ts — 1 
a | 
! 1 SOLUTION. 14 
The Fluxion of the given Equation of the P 
| | Curve, I 1 


232 An IxTzoBuorION af hho 


Curve, making „ l, is a—aj = 2x2), 
and this fluxional Equation put into Fluxions 
1 again, the Fluxion of 7 being Negative, is aj 


f S2 LA 29. Hence we have j= 
7 S . i. e. « by 


4 —2* 


a+2y 


4 A4 So”. 


ſubſtituting for 5 its equal, J = f 
| 44 — 5 or becauſe by the 
- Queſt. 86+ $y—Bax—Boy, 25. 


Now by ſubſtituting for and 55, theſe their 
Values, in the general Expreſſion for the Ra- 


2 


422 
"Ia. 


dius of Curvature, which was found Art. 64.= 


FEM , when 5 I, and the Fluxion of y Ne- 


425 

1 7 Fake A * 
ative; we have = 
8 Th 4 2 

„ E = (becauſe 4x +45 — 


the Radius of Curvature for any Point requir- 


ed, which being a fixt or invariable Quantity, 


OO the Curve to be a CI. - 


BD” 
Nov, if the Radius of a Circle be "IP tis 
en: „ evident 


7 'S: 85 . : 


18 


t 


2 


HDocraixk of Fuoxrons. 153 
evident that 4 is the Side of the inſeribed 
Square, or the Chord of 907 a8 AD : There- 


ore, if A D be biſected in F, and the Per- 


pendicular F E drawn = AF g za; then the 
Point E will fall in the Center of the Circle; 


and conſequently A E Ff ＋ FA = 


Y And that æ in the given Equation muſt 
4. 


flow in this Line, may be thus demonſtrated : 


To any Point C draw BC perpendicular, and 


let it be produced. till it meet the Circle's Pez 
riphery in G, and let HI be drawn parallel : 
and equal to A D, then tis evidetit-that CR 
AH=AD; by Conſttuctlon; and K G=CB, 


becauſe AHK arid A B=H G ; there- 
fore C G=A D+CB: But by a Property of 
Circles AC CD=BC x CG,-z: e. (putting 


AD a, AC, 9 * * Teen * a+ : 


or ax ny J. 
From the Conſtrücction here given, i a 


pears that the Queſtion may be infinitely 
Kliverfified, Jo as to be adapted to any regular 


Polygon of an oven Number of Sides that can 


be inſeribed in a Cirele. We ſee here alſo a 


Demonſtration of the Juſtneſs of 5 
— as made os of 2 22 Fe 
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WW oy * g ; . Ff 
— 105 * * * 2 


88 » A — 
„r Ot nn 
IF: * won * 2 


— 
— 


/ 
ot q a 3 * 
3 wont —— a — 
* 


* 
e EONS = ay 0. 
* * —— exo a” 
12 * PE S 2 | wy 


* 

% 46 

- apices — rp ee ae —— — — — — — — — 
— > . hey on PORT VT EATON. nigh. It tw TE e wy 
Moni other arts 4 ee HAS LA Broaden, en — 

4 1 * 1 
1 * — w_ 
. * 4 Fe — 


* — 
2 = a „ 1 
6 — . Lee be, —ü—ũ— —— ¶ —— * * 0 
88 - 8 —— Ace A —— 1 wy — 


— tl SALL 9 


254 | Klnleprerren, 10 the . 
| VII. 
Pl 11 a Sernicirele A B, be rolled thes' en a 


dhe Line B D, untill it meaſure out a Line 
I to. its ' Cireuinference 3 "Wh, the Curve 


f * * 0 
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A D, deſeribed Ve the Point * 1388 the com- 
mon Semicycloid ;. I ſay the Curve E I, de- 
* ſcribed: by the Point E taken without the 

Circle, will be the Contracted or Curtate Semi- 
g - Cycloid;' and the Curve F K, deſcribed by the 
Point F taken auithin the Circle, will be the 
Iuflected Semisycloid. Quare the Deng 

tion? n 


5 4 k * 


DzMons TRATION. 


As al the Cycloids, Properly ſpeaking, are 
5 


1 


generated by the Revolution of one and the 


ſame Circle A B i ſo therefore their Baſes will 
be all equal to BD, viz. the Semicircle AB. 
Let the Generant move on till it come in the 
Poſition 4.4 thro' the deſcribing Points a, e, 7, 


draw the Ordinates ma, ne, p,, and draw LS 
parallel and equal to EG; then, becauſe the 
correſponding Ordinates in the. Circle are re- 
ſpectively equal, it is evident that the Diſ- 


tances from the Exiremities of theſe Ordinates 


to the correſpondent Points in the Curves will 


be all equal to the Diſtance moved over by the 


common Center C, that is, 5a-:=0e==r f, and 
this alſo is B R== Arch bR by the Genera- 
tion. Now the Sectors Le and Scg, or Qef 


and Pc are equal and Similar, and Similar to 


to the equal Sectors Nea and Reb, There- 


fore, cg: cb :: gS:bR, or (if we put the 
Semicircle e g, Semicircle ab or Baſe.B D 


b,) as@.:b:: Arch g S: ArchbR::Eo: 
(B R) oe, i. e. Semicirele EG: GI: : EO: oe, 


wherefore Ee is the Curtate Semicycloid. 


And c: ch: P: 3 R or (if we put Semi- 


circle f h=a, and Semicircle ab or Baſe BD 


= b. as 4: 6: : HP: R:: F/: (BN V 


7, e. Semicircle FH: HK :: Fr: rf, where- 


fore the Curve FfK is the ir: flected Semi- 
cyeloid. * E. D. 
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1 Quare 
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5 ä VIII. 


u the thine of the Sefer r 
ABDG ? the Radius CA of the inner Cir- 


cumference b-ing given ; and AD the Dia. 
meter of 1 the Ri 8. or 7 genera] 18 Gel, -- 1 


Put any Arch LA=x ; 7154=c; ſup- 
poſe Cd indefinitely near 79 'C D; and draw 
the concentric Circle B G, making AB BD | 
==: 'Then may D d, Bb, Aa, be conſi- — 
dered as indefinitely ſmall. right Lines; and 
therefore the Moment of the Ring will be e⸗ 
qual to the Area of the Circle ABD drawn 

Into the Increment B. Now CA: Aa: » CB | 


Bs (i. .) a: 1 +46: 5 | 


and the Area of the Circle A DB c; * 
pre the * bs the 33 15 = bee * 
| . * ; 
=bei+ 


bc 


— 


ba 


ma — 1 
225 and the Fluent of chis 3 18 e = 


4.5 — X Fex= = the Content of the Ring from 
115 and by ſubſtituting 80 for x, we. 
| have the Cantent of the whole Ring =r+> 


x 84h S the Area of the generating Circle 
. AD drawn into the Cireumferenee of the 
Packt Creole BG. EE. T. 
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IX. 

" Suopile 5 Earth 10 ha ina a 
orbit round the Sun as its Center ; and the Monn 1 
to revolve round the Earth in the ſame Manner } 18 
 85-alfe that the Planes of their Orbits do coincides 4 | 
and that the Diameters of the ſaid Orbits are ö 
© 85340401; and laftly, that the Mcon performs 
13-368 Revolutions to every fingle Revolution of 
the Earth. Quare the Nature and Deſcription 


ef the Curve generated by the Center of the Mcon? 


BIKER ** the Gentleman's Magazine for TR 1743, 
„ © * the df for that Year. * 


P ; 
* q 4 
2727 ͤ „ e — * 
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8 0 rn. 


bes 8 repreſent the gun; E the Earth; E , 

an Arch of the Orbit of the Earth paſſed over | 
LS, its agar, in one e Lumen of the Moon; 

| 55 1 7 


158 An IxrRODUC ION to the 
the Circumference of the Circle EA B = the 


concentric' Arch A: Then (becauſe 13.368 
—1 2 12 368 is = the Number of Lunations 


in a Year, or one Revolution of the Earth,) 


when the Moon is in Conjunction with the 


Sun, the Diſtance between the Sun and Moon, 


will be greater than the Diſtance or Radius 


SA. Now the Curve deſcribed by the Center 
of the Moon, is the ſame as that deſcribed by 


a Point M (E M being the Scmidiameter of 


the Moon's Orbit) carried round by the mn 
tion of the Circle E AB on the Arch Aa; 

is therefore of the cycloidal Kind, . a 
Point of contrary Flexure, if a Cycloid de- 
| ſcribed by any Point within the generating 
. Circle has a Point of Inflection as well upon 
a circular as upon a rectilinear Baſe. In Order 
to determine which, put SA or Sa=a, EA 
orea=b, EM orem=c, and am r, and 
4a GS; and let C be the Radius of Curva- 
ture at any Point n, and C indefinitely near 


it; and let ac, ac, be the indefinitely ſmall 


contemporary Arches with mz, and conſe- 


quently the Triangles @ mc and anc equal in 


all reſpects, and the (man . cac = (be- 
cauſe the Angles ea c and Sac added to either 
Side of the Equation makes it 2 right Angles,) 
Lade 4496. Now a8 Sa; eat Lacc 
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* asc; and Se (a): Sa ae 4756) 2. 
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160 I Doernms af ns. 


al 
: L dec. L asc, or nan 4. ae: . 


gain, in any Triangle as fine if the Angles 
nc, mcG, and amc the Complement of the 
_ obtuſe Angle to 2 right Angles, be indefinitely 
ſmall, they are proportional to the op 8 
Sides mc, mG, and Ge, (ii e.) as Ge mG : 
Lame : 4meG, and Gc—mG, or ma : 
Gr (g) :: Camc— 4 mcG=s 2. aGe. or + ILaec 


: l amc or Lene = 4 ate; and ag lin ” 0 


* 8 


| —T 
n. or 4 man—4 anc 2 er 


eats q Lact): : an 005 22 


3 N 5 | Conſequently Ten 
ar Er „ 

N ag { * as che Radins of 

| ; foes 20-26 | | 

Curvature at the Point 1. Now as this Ex- 

preſſion fot the Radius of Curvature muſt be- 

dome Negative on the other Side of the Point 


of Infection; ; * muſt be more thay —— 27125 
5 bn one Side of the ſaid Point, and ks wo 2 
; ther,and 3 in beben. i of InfleRicn f= = DET * 


5 5 ? And 
? i ” 4 
0 Fi _ : 


LY 
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| = Oni en IS 
2abs* * £9 | 


„ | 2a 
nde“, and =D 0 


- 2ab4+6* N 
to find r ay 2ar + 2br=85; _ Gm x md = 
1 . —.— and (becauſe Gm x md = 


Pa | 
a4-26 ? 
when the Point m falls in the Point of Inflecti- 
on; but as me (r) muſt always be greater than 
md, that is, as af — muſt always be 
greater than 6—c, ſo therefore (e. m) c muſt be 


| always greater than i in order to a Point of 


Inflections taking Place in the Curve. Now, 
a, 5, * being as 12.368, I, and I 168 


340. 


bm x md) Se-, therefore r= 


or 0.0391 1, therefore i 3 is greater than c; ; 


conſequently the Curve Mm u generated by 
the Center of the Moon has not a Point of 


7 contrary Flexure, -or is no * Convex v to- 
wards the Sun. T EE 


Co AA 


te When r=s, that 1 is, when the Point 
. Ms *: >, _ 


* tes 2 bo od th. 
* * « bs >: bt 
Ls . > þ 
F * R 


165 - reren to the 


ediicides with, 4, the Radius of Curvature 
as nn l 5 - 470. 

1 arFabr a+2 25 
== e 125. 1 7: aC, * 


is SB; S A:: nun: 0. Sr | 
2. When 4 is. infinite and r=, that is, 

' when the Baſe becomes a right Line, and the 
Point 7 coincides with d, or the — is the 
common Cycloid ; the Radius of Curvature 

will be Sar: For then 2br and 20r will be 

infinitely little in compariſon of zar and ar, 
and therefore may be rejected. | 
3. When & is infinite, that i is, when the Baſe 
degenerates into a right Line, or the Curve is 
the common Inflected or Interior Cycloid, as in 


ar, and aC= | 
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7 © vo a Fig. if Fa Tangent Bg be 1 | 
the Point of Inflection will be in the Line gn 
parallel to the Baſe; that is, if A M be per- 

ndicular to MB, vrhen the Point A comes 
do the Baſe, the Point M will be in the Point 


of 


Sr 


n . 1 : ha Lig: nn * , 8 
. , Sv 4 7 a rg”? 
0 : 
L 
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"of Infletion. For when the Point m is in the: 


Line g u, it is evident that à m will be equal to 


Bg, and the Triangles Bg E and ame, equal in 


every reſpect ; and, becauſe the Tangent to a 


Circle is perpendicular to the Radius, the 
Lame. D a right Angle; wherefore, by 47E.1, 
a e'— nf na, that is, (if m be the 


Point of Inflection, and not otherwile,) — 


—_— i.e. N 1 . 


3 


but 26 * infinitely little in reſpect of a, 
N 75 7 is infinitely near to Equality 


LE a 5 E. —_ 3 ergo, &c. 
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We Fluxion of the Hyperbolic Logari chm of 
any Quantity, is equal to the Fluxion of that 
Quantity divided by the Nyantity itſelf. Quere 


the n ? (See Axt. 14. ) 


SOLUTION. 


Let D ABC be an Hyperbola, whoſe Af 


* ſymptotes are CE and CH, and its Parameter 
AP, which by a Property of the Curve is = 


PC. Now if AP or PC be made t, and 
9 1 or H C dann parallel to PA; then the 


EE | - Space 
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Space PA BO will be che bypecbdlic Logs 
| rithm of CG; and the Space PACH the hy- 
perbolic Logarithm of CH; or the Space 


 GBC H the hyperbolic Logarithm of S8. 


For by the Property of the Curve es CP, 


CG, CH, &c. are in geometrical Proportion 
continued, the Spaces PABG and GBCH, 
&c. will be equal; that is, the Spaces PABG 
8525 H, &c. will be in arithmetical Progreſſi- 
So that the Fluxion of the Space PA BG 

is © ihe Fluxion of the hyperbolic Logarithm of 
CG: Now the Fluxion of this Space, putting 
PG Ax and GB, perpendicular to G C=y, is 


# ,=xy by Art. tos. but by the Nature of the 


beach CP: PA: hinder I+x 3,1: 


* 5 —— 7 Xs bee ene Iz = the F loxion 


of the hyperbolic * of 14x, But 
tc ed 1 | ae 
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PABG, is equal to the Fluxion of C c- 
en ** D. | 


Gi ven the Point P in the Radius CA of the 


given Circle AB, &c. Quare the Point B, to. 
which a Tangent TB and right Line PB being 


drawn, = pra be a Minimum or. 
— 8 | | 


SOLUTION 


Draw the Radius C B. Now, becauſe the 
Tangent to a Circle is always perpendicular toy 
the Radius, it is evident'that the Angle PBT | 
will be the leaſt poſſible, when the Angle BE 
is the greateſt : But, becauſe CB: Sine 4 BPC 
:: CP ; Sine 4 PBC therefore the Angle _ 8 


3 An eee to ok | 
5 ſt will be greateſt; when the Angle CP Bis a 
Tight one ; Therefore the Angle P BT will be 
the leaſt poſſible when PT B is ne to 
A. 6 "4 5109 0s LAT 
H A 2 

| on 5 

0 HERE is a Door 6 Feet high, wile 
4 the Opening of a long Paſſage againſt 
2 tset 8 Feet wide. Quære the gets Lad- 


der that can be put in at that Door ? 
II. Let the Line AG, ſituated as in the Fig. 


between the Parallels AF and EG, be given 
| Aas; as alſo the Diſtance AE==b; then let 
=” the End G of. the faid Line AG, advance to= _ 
, 5 "wards E, whilſt the other End of the faid 


1 | | | Line 1s elevated as much as the Point A will 
| 1 give leave, till the ſaid Line comes to ſtand 
_ |= Feen on the Line E G from EtoD: 

= 


Docrxixz of Fruxions. 1 
By this Motion 'tis plain that the upper End 
_ © of the Line AG will deſcribe the Curve ABD: 
Quzre the Nature of the ſaid Curve, as alſo 


BC its greateſt Diſtance from the Line AD? 


III. If a Ball, whoſe Diameter is 4 Inches, 
be thrown into a conical Glaſs, + full of Water, 
whoſe Diameter is 5 Inches and Altitude 6; 
how much of the Ball will be immers'd in the 
Water? 
. Let ABD bi a | given curtate Semi- 


N 


cycloid, 7. e. a Semicycloid the Circumſerence 
of whoſe generating Semicircle AGF is greater 
than its Baſe FD. Quære the Point C, in the 
Diameter AF, where the Ordinate CB is a 
Maximum or the greateſt poſſible ? | 

V. Let AB be any given geometrical Curve, 
and TB a Tangent to it at any Point B: Then 
if another Curve AD, be ſo drawn, as that its 
Ordinate DC, ſhall always be in a given Ratio 
to the correſponding Segment of the former 
Curve AB; I ſay, that BT will be to TC, as 
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